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ABSTRACT 
Reinforced concrete (RIC) is a composite material which demonstrates 
a highly nonlinear behavior caused by many interacting factors such as 
cracking, crushing, aggregate interlock, bond slip, dowel action, as well 
as yielding of reinforcement. Today the finite element method along with 
the a vailable computational hardware offer a powerful tool for analyzing 
complex RIC structures. However, the success of such analyses and the 
reliability of the numerical results depend on thorough understanding and 
modeling of different aspects of the nonlinear behavior at the element 
level. The incompleteness of analytical models for reinforced concrete 
elements is still a limiting factor to the widespread use of the existing 
computational capabilities in analysis of RIC structures. 
In this study a computational procedure for analyzing membrane and 
flexural RIC elements is developed. The main focus is on the pos t-
cracking behavior of anisotropically reinforced elements. The "smeared 
non-orthogonal cracking model ll is modified and extended to simulate the 
behavior of cracked concrete. The bond effect or "tension stiffening" is 
considered; in cases where the cracks are inclined with respect to the 
reinforcing direction a rational procedure is formulated. The impor.tance 
of Tlshear retention factor" and its influence on the load-carrying mecha-
nism is discussed in detail. The feasibility of employing an alternative 
layering technique to simulate RIC cross sections is investigated. 
Finally, a number of experimental speCimens are analyzed to demonstrate 
the relative importance of different nonlinear effects and the 
capabilities of the adopted numerical procedures. 
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CHAPTER 
INTRODUCTION 
1.1 General 
The complexities involved in predicting the behavior of a reinforced 
concrete (RIC) structure up to its collapse stem from the highly 
nonlinear behavior of its constituent composite material. This highly 
nonlinear behavior is caused by many contri buting factors such as 
cracking, crushing, aggregate interlock, bond slip, dowel action, 
shrinkage, creep, as well as yielding of reinforcement. The 
incorporation of all of these nonlinear phenomena in the analysis of RIC 
structures is a most difficult task. However, the computer-based finite 
element method now offers a very powerful computational tool through 
'-
which many 0: the complex computations can be accomplished in a routine 
fashio~. Us::.:-:g this method, the effect and interaction of different 
nonli::ea.: characteristics of RIC can be studied, and thus, a better 
unde;-,S::::;.::: :.g 0: internal stress distribution in a RIC structure is 
obta::--,e: . 
r,es u::5 c: a nonl inear fini te element analysis for a complex RIC 
struct u;-e can, however, be considered reliable only if at the element 
level the 2:)~posite behavior of concrete and steel is thoroughly 
un de r s too dan d a p pro p ria tel y mod e 1 e d . Recently an international 
competi tion to predict the response of experimental reinforced concrete 
elements under inplane loads was conducted; researchers from 13 different 
countries attempted to predict the load deformation response of 4 of the 
2 
reinforced concrete panels which had been tested at the Uni versi ty of 
Toronto by Vecchio and Collins (1982). The presented resul ts showed a 
wide scatter (Collins, Vecchio and Mehlhorn, 1985) and for one of the 
panels the ratio of the highest to the lowest prediction of strength was 
si x to one. This was a clear indication that the current models for 
analyzing reinforced concrete elements need much improvement. Such 
improvements of the analysis methods at the element level combined with 
the existing sophisticated global structural analysis techniques can lead 
to more effective finite element programs. Using such programs to 
analyze complex RIC structures will then simulate the real behavior 
closely and produce more reliable results. 
For most practical applications of RIC a plane stress condi tion can 
be assumed. In this study the failure analysis of RIC elements under 
general state of biaxial stresses is considered. The main focus is on 
the post-crac'<lng behavior of anisotropically reinforced membrane and 
flexural ele~~:--.:s. The fini te element method is employed and sui table 
nwner i cal t.e:::~ .. -,: ~,;>;:'5 ~o model different as pects of nonl inear behavior ar e 
incor pora ~e: . 
1 • 2 0 b J e :":. ,,' , ,~~. ~-- ;>e 
The ," ""s~igation of the response of a reinforced concrete 
element ll:",::"'~ , '····.e-.n monotonic loading up to failure focuses on some 
of the ~. :--.: i near e f f e c t s . This should provide a better 
understanding ~~ "'e:ati ve importance and influence of each of the 
nonlinear actions involved and hence, help to improve the safe and 
economic design of reinforced concrete structures. 
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It is the purpose of this study to develop a finite element program 
J in order to analyze several experimental specimens. The main objectives 
of this investigation are summari zed below. 
1. Select an appropriate combination of a failure envelope and a 
constitutive model for plain concrete. Investigate the 
effectiveness and shortcomings of the model under different 
stress conditions. 
J 2. Investigate different methods of modeling cracking and post-crac king beha vior . Modify and extend the m ul t i pI e crac king 
to ani sotropically reinforced element 
explore its effecti veness in connection wi th other nonl inear 
1 phenomena. 
J 3. Examine the influence of "tension stiffening" in behavior predi ctions of reinforced concrete elements. Develop a more 
I rational formulation for modeling the bond effect or tenSion 
stiffening particularly in cases where the cracks are inclined 
, 
.:j 
,-
with respect to reinforcing directions. 
lie Demonstrate the effect of shear retention factor and its 
influence on internal load resisting mechanism . 
.1 
5. Int rod uce a new 1 ayer i ng appr oach f or model ing reinforced 
concrete cross sections. Examine d iff er ent c omput a t ion al 
1 techniques in conjunction with that modeling approach. 
) 
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CHAPTER 2 
CONSTITUTIVE MODELING OF PLAIN CONCRETE AND REINFORCEMENT 
2. 1 Introduction 
In this chapter the constitutive modeling of plain concrete under 
uniaxial and biaxial states of stress and the st~ess-strain relationship 
for steel reinforcing bars are discussed. The first part of the concrete 
material model which involves the formulation of the behavior up to 
cracking and includes the post-crushing phase is explained in this 
chapter. Cracking is one of the major sources of nonlinearity in 
constitutive modeling of concrete. Different treatment of post-cracking 
stress-strain relationships can influence not only the predicted ultimate 
capaci ties i:: certain reinforced concrete structures, but also paths to 
fa i 1 ur e in:. r.o S e s ':, , u c t u res. Due to such utmost importance the entire 
Chapter 3 is devoted to description and formulation of the post-cracking 
strain-sc~:e~:~~ ~ehavior. 
In orde~ :0 p~edict the ultimate capacity of a reinforced concrete 
structure the ;J;:)~erties of its constituent materials must be 
determined. Ur.se; a biaxial state of stress concrete exhibits different 
stiffness, strength and ductility characteristics than under uniaxial 
loading (Fig. 2.1). Figure 2.2 is based on a biaxial strength envelope 
determined exper imentally by Kupfer, Hilsdorf and Rusch (1 969) under 
" , 
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5 
proportional loading and was later expressed in terms of principal 
stresses by Kupfer and Gerstle (1973). The symbols f ~ and f ~ designate 
the uniaxial cracking and crushing stresses respectively. As can be seen 
in the figure under biaxial tension the strength, or cracking stress in 
the maximum principal direction, is slightly higher than f~. Also for a 
certain ratio of applied biaxial compressive stresses the condition now 
well recognized is the crushing stress can be increased up to 25% beyond 
f f • 
C 
On the other hand, the combination of tensile and compressi ve 
stresses causes the concrete to either crack or crush at tensile or 
compressive stress levels smaller than f~ or f~. 
The formulation of the failure envelope adopted in this study 
(Fig. 2.3) is based on a slight modification of the Kupfer and Gerstle 
(1973) expressions. As can be seen from the figure in the tension-
compression region their expression for this segment of the envelope has 
been modi f i ed sl i ghtly to avoi d any discontinui ty in vol ve d when the 
principal tensile stress approaches zero. For compress i ve stresses 
smaller thai. C.75f' failure is assumed to occur by cracking of the 
c 
concrete per~enCicular to the prinCipal tensile stress direction while 
for higher' corr.~ressive stresses the failure is due to crushing of 
the concrete. :n the modified envelope the value of the prinCipal 
tensile str'ess at which this transi tion occurs depends on the ratio of 
the uniaxial tensile strength to the compressive strength, f'/f' As 
t c 
this ratio inc:--eases the value of the tensile stress at the transition 
point, where the principal compressive stress is equal to 0.75f' , also 
c . 
increases (Fig. 2.4). This modification while being consistent with the 
test data of Kupfer, et al. (Fig. 2.5) also eliminates the possibility of 
6 
a discontinuity at the transition point such as encountered in the 
formulation used by Darwin and Pecknold (1974). 
2.3 Selection of Concrete Material Model 
Ideally a consti tuti ve model for concrete should reflect defini te 
strain hardening characteristics before failure, the failure itself, as 
well as some strain softening in the post-failure regime. The model 
should also perform satisfactorily under different states of multiaxial 
loading and yet be simple, flexi ble and numeri cally feasi ble. Finally, 
the material model must be easy to calibrate to a particular type of 
concrete. Therefore, a model whi ch is constructed upon uniaxial test 
data is preferable. 
A nonlinear elastic model encompassing most of the above properties 
was proposed by Ottosen (1979). This model is capable of representing, 
in a simple way, most of the character istics of concrete behavior- for a 
general state of stress. These features include: (1) the effect of all 
three stress invariants provided the failure criteria are formulated 
based on those invariants; (2) consideration of dilation; (3) the 
production of completely smooth stress-strain curves; (4) the prediction 
of rea lis tic fa i I ur est res s e s ; ( 5 ) the s i m u I a t ion 0 f po s t - c r us hi n g 
behavior; and (6) the applicability to all stress states including those 
where tensile stresses occur. In addition, its calibration to a specific 
concrete requires only uniaxial test data. Any failure criterion can be 
employed in conj unction wi th the consti tuti ve model and thi s is 
accomplished by modifying a single parameter in the model. 
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In this isotropic model the stress-strain relationship is described 
by appropr i ate changes in the secant val ues of Young's modulus and in 
Poisson's ratio. Although the total stress-strain relationship implies 
path independency, for monotonic loading applications it does not seem to 
be in contradiction wi th the real material behavior according to the 
recent experimental study by Maekawa and Okamura (1 983). They conclude 
that for biaxial stress conditions and under monotonic loading the 
relationship between stresses and strains are in fact independent of the 
stress paths and hence, employing total stress-strain models is 
reasonable. Moreover, several verification studies by Ottosen (1981, 
1 9 8 2) s how t hat the s e 1 e c ted mod e 1 per for m s sat i s f act 0 r i I y un de r 
different nonproportional loading conditions as well. 
2.4 Nonlinear Elastic Model 
The adopted constitutive model is a specialized 2-D form of the 
actual 3-D model by Ottosen (1979). In this isotropic model the stress-
strain relationship is expressed as: 
a v 0 
x s 
E 
{ a} [D]{s} s 0 (2. 1 ) or a 2 y 1-v 
s 1-v 
Symm. s Y 1" 2 xy xy 
in which the secant values of Young's modulus, E_, and Poisson's ratio, 
5 
V s ' are modified as described in the following sections to account for 
material nonlinearities such as softening and dilatation. Unloading and 
8 
reloading capabilities have also been incorporated in the model as shown 
in Fig. 2.6. 
2.4.1 Change in the Secant Value of YoungTs Modulus 
The expression used to describe Young's modulus, E , is as follows: 
s 
E 
s 
E. 
1 
2 
y(Ei _ E ) + ~(Ei _ y(Ei _ E ))2 + E2 Y[D(l-Y)-l] 
2 f - 2 2 f f (2.2) 
in which the positive and negative signs apply to the ascending and 
descending part of the stress-strain curves, respectively. 
The nonlinearity index, Y, is a measure of the actual loading in 
relation to the failure envelope. Its value determines the amount of 
nonlinearity in the stress-strain curves which again emphasizes the need 
for an accurate failure criteria to be used in conjunction with the 
model. Assuming tension as positive and compression as negative, for a 
biaxial compress:. ve loading the Y nonlinearity index is defined as 
(Fig. 2.7): 
(2.3) 
in which 02 is t~e a:tual maximum compressive principal stress, and 02 
f 
is its correspon:!i.:1g failure value, provided that the other prinCipal 
stress, 0" is unc!1anged (0, ;;; °2 ). Thus, Y<1, Y=1, and Y>1 correspond 
to stress states located inside, on, and outside the failure envelope, 
respectively. When tensile stresses occur, the actual state of stress 
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(°,,°2 ), where at least 0, is a tensile stress, is transformed to a 
uniaxial compressi ve case by superposing a hydrostatic pressure, -0" on 
to the existing field, thereby obtaining the new stress state (0,°2) 
in which 0' 2 Then Y is defined as: 
(2.4) 
where f' is the uniaxial compressive strength. In this case 1'<1 always 
c 
holds. This reduction in the nonlinearity index is consistent with the 
fact that the more the stress state invol ves tensile stresses, the more 
the concrete behavior becomes linear. 
In Eq. (2.2) Ei is the ini tial modulus, and Ef = Ec is the secant 
modulus at peak stress of a uniaxially loaded compressive specimen 
determined as E = f'/s. For a biaxial compressi ve loading the secant 
c c c 
value of Young's modulus at failure, Ef , is calculated from: 
E 
c 
1+4(A-1)x 
in which 
E. 
A =_1 
E 
c 
x 
;:;; 
(-) 
f' f 
c 
(2. 5a ) 
(2.5b) 
The term (~/f~)f denotes the failure value of the invariant ~/f~ 
where the failure stress state is connected with the determination of the 
nonlinearity index, Eq. (2.3). Therefore, 
10 
(2.6) 
lin is the value of (~/f~)f for the case of a uniaxially loaded 
specimen in compression. When tensile stresses occur, it is assumed that 
Ef = Ec' 
The parameter D in Eq. (2.2) determines the degree of strain 
softening when crushing of concrete occurs. 
strain curves before failure only slightly. 
determined as: 
(1 - ~)2 < D ~ 1+A(A-2) 
2 
o ~ D ~ 
for A ~ 2 
for A ~ 2 
It affects the stress-
Its range of values is 
(2.7) 
Under uniaxial or biaxial compression, crushing occurs when the 
stress point reaches segment DE of the failure envelope (Fig. 2.3). The 
post-crushing behavior in this zone is controlled by Eq. (2.2), using the 
negative sign, along with a suitable choice of the parameter D. The 
post-crushing behavior in the tension-compression zone has not been 
determined experimentally but can be modeled conveniently as follows: 
For a given state of biaxial tension-compression that lies on segment CD 
of the failure envelope (Fig. 2.3), the nonlinearity index at failure, 
Yf <l, is determined from Eq. (2.4). As shown in Fig. 2.8, the pos t-
crushing curve AB is then assumed to be obtained by the transl at i on 
parallel to the horizontal axis of the part MN of the original descending 
branch of the curve. Corresponding to a value of Y in the post-crushing p 
region the secant value is obtained as: 
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(2.8) 
in which EMN is determined from Eq. (2.2), with the negative sign, using 
-y p' E A and EM are the secant values corresponding to -y f which are 
determined from Eq. (2.2) using the positive and the negative signs, 
respecti vely. 
2.4.2 Change in the Secant Value of Poisson's Ratio 
Exper imen tal evi dence , such as wor k by Newman and Newman (1 969) , 
indicates that under uniaxial and biaxial compression concrete first 
compacts and then dilates due to internal microcracking. To take this 
into account the expressions for the secant value of Poisson's ratio are 
assumed to be of the following form: 
v 
S 
v 
S 
V; 
I -y--y 1_( __ a)2 
1 --y 
a 
when 
when 
-y ~ -y 
a 
-y > -y 
a 
(2.9a) 
(2. 9b) 
in whicr-l \i :~ :he initial secant Poisson's ratio and v f is the secant 
Poisson's ra::: at ultimate. Figure 2.9 is the plot of the nonlinearity 
index, Y, \'~. :ne secant Poisson's ratio as determined from Eqs. C2.9a) 
and (2.9b). ~quation (2.9) is valid up to crushing of the concrete. For 
concr et e un de r un i axi al compression, Fig. 2. 9 impl i es that Poi sson' s 
ratio starts to increase according to Eq. (2.9b) when the applied stress 
exceeds 80% of the compressive strength (-y > 0.8). Although very little 
12 
is known of the amount of increase in Poisson's ratio in the post-
crushing regime it is an experimental fact that dilatation continues 
in this region. In order to incorporate the volumetric increase in the 
post-crushing region the value of the secant bulk modulus at failure 
Kf = Ef /3(1-2v f ) is increased slightly as follows: For a given value of 
the secant Young's modulus, E , in the post-crushing phase there exists a 
s 
* corresponding secant Poisson's ratio v such that: 
s 
K 
E 
s 
3(1-2v*) 
s 
Constant (2.10) 
In this study we arbitrarily employ v = 1.005v* to take into account the 
s 
dilatation in the post-crushing region. For a biaxial tension-
compression state of stress leading to crushing of concrete a similar 
adjustment to the bulk modulus is also made in the post-crushing phase. 
In the model an upper bound v ~ 0.45 is set to el iminate problems 
s 
associated wi th Poisson's ratio approaching 0.5. It is suggested by 
Ottosen that in Eq. (2.9) selecting Y
a 
= 0.8 and v f = 0.36 for most types 
of concrete and loading condi tions gi ves a fair approximation of the 
behavior. Unless otherwise stated, thses values will also be employed in 
this study. 
2.4.3 Required Input for the Concrete Model 
The foregoing model is calibrated using six parameters: The two 
initial elas ti c par arneters, 
an d f ~ , the strain, 
E. and v 
1 i' the two strength parameters, f' c 
at maximum uniaxial compressi ve stress, and 
finally the post-crushing parameters, D. The first fi ve parameters are 
':.'. 
r 
L 
f 
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f 
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I determined from standard uniaxial tests while the D value is chosen so 
J that a realistic post-crushing behavior is obtained. 
I 
2.4.4 Experimental Verification 
1 
l 
In order to test the above constitutive modeling of plain concrete 
J experimental data of Kupfer, Hilsdorf and Rusch (1969) and that of 
Nelissen (1972) have been selected for comparison. Figures 2.10-2.13 
I illustrate the performance of the model under uniaxial and biaxial 
I compr ess i ve stresses. From Figs. 2. 1 0 and 2. 11 it can be seen that 
selection of the two extreme values for the post-crushing parameter, D, 
I while affecting the stress-strain curves in the post-crushing region, has 
I 
negligible effect on the pre-ultimate response. The volumetric response 
of the spec imens under compressi ve loading is shown in Fig. 2.12. This 
I figure demonstrates the capability of the model to simulate dilatation 
with good aC2uracy. Comparisons with uniaxial and biaxial tensile tests 
leading to cracking of concrete are shown in Figs. 2.14 and 2.15 which 
exhibit c nea~ly linear response. Finally, the analytical results under 
1 
I 
biaxi2.: :e::!:lor.-compression states of stress are compared wi th the 
J exper':f.1e~:c.~ 2u;,ves in Figs. 2. 1 6 and 2. 17. From the employed fail ure 
en vel 0 pe (:: 1 g. 2. 3 ) 0: = -0.052 leads to crushing of concrete while for 
f 
1 higher :e:-:s:le stresses (0: = -0.103 and 0: = -0.204) tensile cracking 
of the con2re:e dominates. 
I 
J In gene;al good agreement with the experimental results is 
obtained. Additional verification studies using a different failure 
envelope (Ottosen, 1977) have also been carried out by Ottosen (1979, 
1981, 1982), which show the flexibility of the model in connection with 
j 
1 4 
any failure criteria. Moreover, a simple set of input data for the model 
as listed on each figure have been determined using the uniaxial test 
results only. 
2.5 Steel Reinforcement 
In the present study the steel reinforcement is smeared into 
equivalent membrane layers with uniaxial properties oriented in the 
direction of reinforcement. The constitutive matrix in the local bar 
axes, oriented in the reinforcement direction and normal to it, is 
written as: 
[D ] 
s [ o o o o o 
o o 
where E is the se:1nt Young's modulus. 
s 
Figure :~:;.lstrates typical 
(2.11) 
stress-strain curves for steel 
reinforcing :i r -.== • ~~Jej monotonically in tension (Abdel Rahman, 1982). 
An ideal i ze::: ".lr" stress-strain curve, identical in tension and 
compressi::~ ... : .:' 5: ble strain hardening is used in this study 
(Fig. 2.19:. :.rg and reloading is also allowed along a secant path 
for simpl~:.:~ .. - r ?~g. 2.19 the secant stiffness is determined as: 
E 
s 
E 
s 
~ 
E ! .. ! , ) a • i ...... ! ~ 1 -a o I( 
5 
when 
(2.12) 
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where E is the initial modulus, a and £ are the yield stress and the 
o y y 
yield strain, respecti vely, and 0 ~ ex < 1 is the strain hardening 
parameter. 
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CHAPTER 3 
MODELING OF 'CRACKING 
3.1 Introduction 
Cracking is one of the major sources of nonlinearity observed while 
analyzing reinforced concrete (RIC) structures. During monotonic loading 
of a RIC structure continued up to its failure, cracking occurs at an 
early stage at loading and introduces a distinct geometrical 
discontinui ty within the structure. Previous investigations have shown 
that treatment of post-cracking behavior, in terms of strain softening 
(Bazant and Oh, 1981; Leibengood, Darwin and Dodds, 1984) and geometrical 
changes such as shifts in the crack directions (Milford and Schnobrich, 
1984), can greatly influence the ultimate load predictions and even paths 
to failure. 
In o:Ce; to ~odel crack initiation and post-cracking behavior three 
basic corr;~C~e:1:'5 ::lust be incorporated in the analytical model. These 
include: c. c~~ teiion for crack ini tiation, a method for crack 
representa:.:or. ar:: finally, a criterion for crack propagation (ASCE, 
1982) . 
Conc:ete Cue :'0 its nonhomogeneous nature is not very sensi ti ve to 
imperfections ir.~uced during construction of a RIC structure. Moreover, 
most practical RIC structures are designed so that stress concentrations 
are avoided. Therefore, a strength criterion or attainment of maximum 
tensile stress is a valid criterion for initiation of cracking in such 
a structure. In this study the strength criterion is also employed and 
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the crack is initiated once a stress point violates the failure envelope 
in the cracking zone. 
In the con t ext 0 f the fin i tee I em e n t met hod a c r a c k can be 
represented using either a discrete or a smeared cracking approach. Ngo 
and Scordelis (1967) introduced the discrete cracking technique to 
analyze experimental RIC beams. In their study the finite element mesh 
contained a few predefined crack directions; elements along each 
direction were double-noded and upon crack ini tiation those nodes were 
separated to simulate a physical crack. This model was later improved by 
Nilson (1968) and by Ngo, et ale (1970) to include flexibility in 
specifying crack directions and linkage elements along the separated 
nodes to simula te aggregate interlock, dowel action, etc. Despi te all 
these improvem~nts the cracks are still forced to follow the mesh lines 
and hence, lack total generality in propagation direction. The discrete 
model is sui table for cases in which only a few cracks dominate the 
behavior of t~e structure such as a shear beam. In plate and shell type 
structures I ,r pUrlching shear failure can be avoided, in general, many 
cracks for~ ~E~~rE the failure is reached and no single crack dominates 
the behav:cr. j~erefore, as far as the ultimate capacity of such 
structures l~ concerned, there is little need to model each crack in 
great deta: l . t.;:;~lication of the discrete crack models in these cases 
requires de:.a::e: krlowledge of kinematic quantities such as exact 
location of crack tip, crack length and crack opening displacement for 
each indi vidual crack. Further numerical complications due to 
redefinition of the original finite element mesh and consequently 
1 8 
destruction of the bandwidth of the structural stiffness matrix discards 
r 
this method as being practically unfeasible. f· • 
The smeared crack approach which was introduced by Rashid (1 968) 
offers a more practical alternative for crack representation while us~ng 
the finite element method. In this approach cracking at different parts 
of a structure is perceived as making those regions more flexible. 
Therefore, upon crack initiation at a .sampling pOint, representing 
average behavior of some tributary area around that point, the 
constitutive matrix is modified to take into account the softening 
resulting from cracking. This has the effect of smearing the cracks over 
a certain area and imposes discontinuities in the stress field without 
making the displacement field discontinuous. Using the smeared approach 1 
cracks in different directions can be generated automatically without the r 
need for redefining the initial finite element mesh. Due to its 
generality and simplicity, the smeared crack approach is employed in this [ 
study for crack representation. 
An important consideration in selection of crack propagation 
criterion is the objectivity with respect to mesh refinement. If crack f 
propagation is based on the strength criterion, with brittle post- fit· 
cracking stress-strain assumption, then by refining the mesh in front of 
a gi ven crack different values of load increments will be required to 
advance the crack say, by a unit length (Bazant and Oh, 1983; Rots, l 
Nauta, Kusters, Blaauwendraad, 1985). This implies that in the limi t of I mesh refinement the crack will propagate at load increments approaching 
zero. In order to resolve the subjective treatment of post-cracking r. 
behavior, fracture mechanics concepts offer an attractive alternative; 
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the energy cri terion, wi th strain-softening post-cracking stress-strain 
relationship is substituted for the strength (or no softening) criterion 
for crack propagation (Hillerborg, Modeer and Petersson, 1976). This 
method is employed in this study and is briefly explained in the 
following section. 
3.2 Concrete Tensile Strain-Softening Behavior 
Fracture and crack propagation in concrete depend on the properties 
of material in tension and its post-cracking behavior. Recent 
experimental studies (Willam, Bicanic and Sture, 1984; Fig. 3.1) indicate 
that the behavior after cracking is not completely brittle and that there 
is some ductility in the post-cracking region. The behavior of the 
uniaxially loaded specimen (deformation-controlled) is illustrated 
in more detail in Fig. 3.2. Upon increasing tension the critical cross 
section of the specimen reaches the strength limit, f~ (Fig. 3.2a). At 
this stage microcracks develop to form a fracture zone. Increasing the 
deformation causes the intact concrete outside the fracture zone to 
unload (Fig. 3.2b) while the material in the fracture zone undergoes 
strain softening (Fig. 3.2c). Finally, at the termination of strain 
softening behavior the microcracks coalesce to form one continuous 
macrocrack and stresses in the specimen diminish to zero. Assuming the 
cross-sectional area of the specimen to be one unit and neglecting any 
energy consumption outside the fracture zone upon unloading, an amount of 
energy equal to Gf = W * (area under af - E f diagram) has been consumed 
to generate a crack of uni t surface. Gf is referred to as the fracture 
energy and is assumed to be a material property. Experimental st udy by 
20 
Welch and Haisman (1969) suggests that for ordinary concrete with 
uniaxial tensile strength of f~ the value of Gf/f~ is in the range of 
0.005-0.01 mm. 
3.3 Secant Smeared Crack Model 
3.3.1 Preliminary 
The cracking model employed in this study is a modified secant 
version of a tangential model proposed by de Borst and Nauta (1985). The 
secant formulation that will follow is convenient when used in 
conjunction with the selected secant concrete material model. Also 
numerical modeling of individual crack opening and closing and concrete 
unloading which occurs outside the cracking zone becomes more convenient 
with the total formulation. 
The basic assum~tion in the model is the resolution of the total 
strain at a cracked point into intact concrete total strain and crack 
total strain. 70 .:llustrate this consider a cube of concrete under 
uniaxial tensio:l ~:=-~g. 3.3). The s t res s - s t r a inc ur ve iss how n i n 
Fig. 3.4a with r: t;~:ng the cracking stress. At any 1 evel of stress 
after cracking t~e :0:a1 strain, E ,is the sum of the strain in assumed 
nn 
1 . 11 ' rl - +- t t co (F' 3 4b) d cr h' h . e astlca y u:l_oa .... :.ng :':1"ac concre e, Enn 19.. ,an Enn' w lC is 
the average strai;. 1:1 smeared microcracks (Fig. 3.4c). The main 
advantage of this resolution is that the crack interface behavior can be 
isolated and treated separately from the constituti ve behavior of intact 
concrete between those cracks. 
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Due to separate treatment of cracks and the intact concrete the 
model can incor porate mul ti pIe non-orthogonal cracks at a cracked poi nt 
as will be explained in Chapter 4. In certain s truc t ur es stress 
redistribution after cracking can cause rotation of the principal 
material directions at a cracked point and hence, new cracks can 
develop. The capability of the present crac king model to consi der 
multiple cracks makes it more applicable to general RIC structural 
problems than the pioneering model of Bazant and Oh (1981) in which only 
a single crack at a sampling point is considered. 
3.3.2 Crack Interface Behavior 
Consider a singly cracked element of concrete under general biaxial 
loading (Fig. 3.5). It should be noted that in the smeared crack 
approach this single crack is assumed to represent an "average Tl behavior 
of a number of microcracks distributed over the entire element. x and y 
refer to global axes while t and n designate the directions tangential 
and normal to the crack respectively. cr The crack local strains E and 
nn 
ycr 
nt can be transformed to global crack strains as follows: 
cr 
E 
xx 
cr 
E yy (3. 1 ) 
ycr 
xy 
in which 
{E cr} vector of global crack strains 
[N] strain transformation matrix 
22 
{e cr} vector of local crack strains defined with respect 
to the n-t axes 
e angle from the global x to the normal of the crack, n 
c = cose ; s = sinS 
Similarly the crack normal stress cr and the crack shear stress cr 0 
°nt nn 
can be reI ated to global stresses according to: 
[:f~} 2 2 0 2cs ] xx c s [NJT{o} 2 2 0 or {ocr} (3.2) -cs cs c -s yy 
0 
xy 
in which 
vector of crack interface stresses 
global stress vector 
crack stress transformation matrix 
The crack total interface stresses are assumed to be related to the 
crack total strains according to: 
(3.3) 
where [DcrJ is the consti tuti ve matrix for the crack interface behavior 
in the n-t axes and is simply assumed to be: 
(3.4) 
where D is the cross-crack stiffness that reflects the strain-softening 
c 
behavior and G is the shear stiffness along the crack which models the c 
aggregate interlock or shear fri ction phenomenon. In this study the 
secant normal stiffness is determined using a bilinear strain softening 
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curve (Rots, Kusters and "Blaauwendraad, 1984) as shown in Fig. 3.6. At 
the onset of cracking the secant stiffness, Dc' is taken to correspond to 
99% of the crack ini tiation stress f ct' Crack closing and reopening are 
permi tted wi th a completely closed crack treated as intact 
concrete in subsequent steps. 
The shear stiffness along the crack, G , is assumed to be constant 
c 
(Fig. 3.7) and equal to BG/(1-B), where G is the shear modulus of intact 
concrete at cracking, and 0 < B < 1 is the shear retention factor. For 
singly cracked concrete if the selected crack interface shear stiffness, 
BG/(1-B), and the intact concrete shear stiffness, G, are assumed to act 
as springs in series (Rots, et al., 1985) a composite shear stiffness of 
SG is obtained. This also verifies the agreement with the earlier models 
such as one pro posed by Sui dan and Schno bri ch (1 973) whi ch are based on 
composite cracked concrete strains and not the resolution of total 
strains into crack and intact concrete strains. 
3.3. 3 C;ac~: Par ameters 
In SU.;.~2;y each crack's normal and shear stress-strain curves are 
drawn US~~E :~e following quantities (Figs. 3.6 and 3.7): 
1. :::;2:" initiation stress, fct' determined from the failure 
2. F:--22:t..:;e energy, Gf , assumed to be a material property and 
deter~ined as Gf = (O.005-0.01)mm * f~, where f~ is the uniaxial 
cracking strength. 
3. Crack band width, w (Fig. 3.3) which depends on the chosen 
24 
element si ze, element type, element shape and integration 
schemes. Determination of w is discussed in Chapter 5. 
4. Shear retention factor, S. As discussed in Chapter 4 for most 
structures load-deflection curves and ultimate capacities are 
not too sensi ti ve to variations in S wi thin a wide range. 
Unless otherwise stated a constant shear retention factor of 
0.25 will be used in this study. 
3.3.4 Constitutive Relationship for Multiply Cracked Concrete 
Figure 3.8 illustrates a multiply cracked concrete element under a 
general biaxial state of stress. x and yare the global reference axes 
and each crack i (i = 1,2, ... m) is determined by its local n.-t. axes and 
1 1 
the angl e 9. 
1 
from the global x to the normal of the crack, n .. 
1 
Supers cri pts Il crll and Il COil refer to quanti ti es associated wi th the cracks 
and the intact concrete between those cracks, respectively. It is 
desired to get a relationship between the total stresses applied to the 
cracked element {a} and the resulting total strains {E} . 
x,y x,y 
The resolution of the total global strains to intact concrete 
strains and crack strains is written as: 
The total crack strain vector is determined from the indi vidual crack 
strains, cr e i ,S in their local axes: n. - t .. 1 1 ' 
transformation matrix, N. CEq. 3.1), as follows: 
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m {E cr} 
x,Y I i =1 
( 3. 6 ) or 
where 
(3.7) 
and 
{E ,1' t , ... ,E ,1' t , ... ,E ,1' t }T 
n1 n1 n1 1 n. n. n. . n n n 1 1 11m m m m 
(3. 8) 
Similarly the local crack interface stress vector {ocr}2m can be related 
to the globe} stress vector by means of: 
{ cr; a ; 2:; IN]T {} L 2mx3 a x, y (3.9) 
where r t" ~ L ' ; ~ _ x -.. • 5 the transpose of the matrix used in Eq. (3.7) and {ocr} 
is: 
~ ,a t , ... ,0 ,a t , ... ,0 ,a t }T 
;,.n1 n 1 1 n.n. n1· l' n n n 1 m m m m 
(3.10) 
{ cr' a :' ': ... ~ related to local crack strain vector, {e cr }2m' using 
the ::: ~,; ~ ... -~ .. ' :" 2.: ri x for each crack as follows: 
r;-: ..... . 
where l--
, 2mx2rn 
~s a diagonal matrix determined by: 
(3.11) 
[ Dcr ] 2mx2m 
[D 1 ] 
o 
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. [D. ] 
1 
o 
(3.12) 
. [D ] 
m 
and each submatrix [D i J2X2 is the constitutive relationship for crack 
number i CEq. 3.4). 
The stress-strain relationship for intact concrete is: 
(3.13) 
in which [D CO ] is an isotropic constitutive matrix whose determination 
x,Y 
was discussed in the preceding chapter. 
From Eqs. (3.5) and (3.6): 
{E CO } { } [ ] { e cr } 2m E x, y - N 3x2m 
substituting for lE co } in Eq. (3.13): 
. X,y 
From Eqs. (3.9) a~j (3.11): 
[ Dcr ] 2mx2m 
j C;,", 
• - I 
l t: J 2m 
substituting for lo} from Eq. (3.15): X,y 
[ D cr ] { cr} 2mx2m e 2m 
(3.14) 
(3.15) 
(3.16) 
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27 
([ Dcr 12mx2m + [N 1;mx3 [DC013x3 [N 13x2m ) -1 * 
[NJ~mx3 [DcoJ3x3 {E}X,y 
Substi tuting for {e cr } 2m in Eq. (3.15): 
(3.18) 
{alx,y = ~ [DC013x3 - [DC013x3 [N1 3x2m * [[Dcr12mx2m + 
[Nl;mx3 [DC013x3 [N1 3x2m] -1 [Ngmx3 [DC013X3} {dx,y 0.19) 
Equation (3.19) is the constitutive relationship for cracked concrete 
with m number of cracks. As can be seen cracking causes softening of the 
material which is reflected by the reduction in the stiffness of intact 
concrete r~coJ Lu 3x3· 
r 
28 
CHAPTER 4 
SOME ASPECTS OF POST-CRACKING BEHAVIOR IN REINFORCED CONCRETE 
4.1 Introduction l 
Chapters 2 and 3 described the behavior of the model used for plain r 
concrete and that for the reinforcing bars. Constituti ve modeling of 
r 
reinforcement and plain concrete were discussed separately with no regard i l, 
to interaction between concrete and reinforcement. In this chapter some r,-:' [' 
aspects of composi te behavior, namely the bond effect between concrete 
and reinforceme~: and the rotation of the principal material directions 1 
in cracked concrete, are examined in detail. The importance of these 
post-cracking pne;'l8mena is demonstrated in Chapter 6 by analyzing a r 
number of ex~er.~e~:al specimens. 
An im~c::3~: 3s~ect of composite behavior, especially for reinforced 
[ 
concrete 5e:"._ '-.:: 5 ... :Jject to inplane loading, is "tension-stiffening" or l 
the bond ~~~. :;c': .... een concrete and reinforcing steel. A thorough 
modeling c~ .... 5:' iffening requires precise knowledge of the local [ 
interface 2· ... ,'., .~::uding crack widths, bond degradation, bond slip, r -:-~.... as overall structural behavior is concerned and 
especially ~. :,-- ,.. . -:J;'lic loading many of these local phenomena are of 
se condar y • ':": - _. r ~,' ~~rs tIe, 1 981 ), hence, they need not be modeled in 
great deta: l . :. '·.5 study the tension stiffening effect is taken into r 
account with t~e 3~~ o~ a smeared crack model applied to concrete layers [ 
adjacent to reinforcement. This implies that the local bond stresses are L 
smeared over a certain area and their "average" effect is considered. In L 
1 } 
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this context a perfect bond between concrete and reinforcement is assumed 
and bond slip is neglected. 
Another aspect of post-cracking behavior pertinent to composite 
action is the rotation of the principal stress and strain directions in 
anisotropically reinforced elements. Although the applied external 
loading is monotonic, yielding of reinforcement in one direction causes 
internal stress redistribution within the element and consequently 
results in application of nonproportional stresses to orthotropic cracked 
concrete. Existance of a shear transfer mechanism along the cracks then 
causes the principal material directions to rotate. Detailed explanation 
of this phenomenon is presented in Section 4.3. 
4.2 Tension Stiffening 
While establishing the stiffness of a simple tension member as shown 
in Fig. 4.1 I ~ension stiffening represents the ability of the intact 
coner et e be: ween adj acen t cr ac ks to carr y tens i 1 e s tres ses . If tens i on 
stiffeni:1g lS :;eglected the stiffness of the structure would be 
underes~ir.:.::: 02: 2:id I in some cases, predictions of ul timate capaci ty and 
even paths t.::: ~ailure can be affected (Milford and Schnobrich, 1984). 
To acco: .. ln: for this effect some investigators have artificially 
increased t~e stiffness of the steel by modifying its stress-strain 
diagram (G:.l bert and Warner, Fig. 4.2). The added stress, which 
represents the bond stresses between concrete and steel, is lumped at the 
level of the steel and oriented in the steel direction. 
Another method of modeling the tension stiffening effect, which is 
a method employed in this investigation, is through modification of the 
30 
stress-strain curve of concrete in the tensile stress direction. In this 
procedure, which was first introduced by Scanlon (Fig. 4.3), after 
initiation of cracking, a descending branch is assigned to the concrete's 
stress-strain curve. Using this method, different investigators have 
selected different shapes and strain levels (EO) to terminate the 
artificially assigned softening branch. In most cases, the selection of 
the factor ex. (EO = ex.Et) , which is the multiplier of the cracking strain, 
was based on the type of problem and experience of the analyzer with that 
specific problem. Lin (1973) used a value of about 5, Gilbert and Warner 
(1978) selected ex. = 10, and Abdel Rahman (1982) set ex. equal to 10-25. 
Cope et a1. (1980) used EO equal to 1.5*10-3 while Mehlhorn (1981) 
employed EO equal to 2*'0-3 . Although in most cases the selection of ex. 
affects the deformation path and not the ul timate load of the structure, 
it is, however, necessary to set an upper bound to EO. If the cracked 
concrete tensile stresses diminish to zero before the steel yields, then 
the computed ultimate load will not be affected by the manner of handling 
tension stiffening. On the other hand, overestimation of the ul timate 
capaci ty may be expected if the steel yields before the tensile stresses 
in the concrete reach the zero-value. Therefore, in cases where the 
cracks intersect the reinforcing bars at right angles, it is reasonable 
to assume that an upper bound for EO is equal to the yield strain of the 
reinforcement. A conservati ve upper bound value for EO applicable to 
cases where cracks intersect an orthogonal net of reinforcement at an 
arbitrary angle is giVen in the following sectiono 
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4.2.1 Derivation of Upper Bound for E 
o 
Consider an element or panel of reinforced concrete wi th a uni t 
cross-sectional area under a general in-plane loading (Fig. 4.4). 
Tension is assumed posi ti ve. This element can be thought of as being a 
small segment of a larger structure, such that stress gradients across 
the element can be neglected. Steel reinforcement is assumed to be 
smeared into membrane layers with uniaxial stiffness properties oriented 
in the directions of the transverse and longitudinal steel. Superscripts 
p and c refer to the panel and its concrete respectively. 
At- any stage of loading the following equations of equilibrium can 
be written (Fig. 4.4): 
c op 
- f ( 4. 1 ) 
°1 1 st Pt 
c D 
fs£ (4.2) °2 0° - P£ 2 
-p c (4.3) l T 
in which f sand p denote the standard steel stress and ratio in the 
desi gnated direction. After ini tiation of micro-cracks, the principal 
stresses in the cracked concrete can be determined as (Fig. 4.5): 
c 
° c 
c 2 c.2 2c 01 cos 8 + 02 SIn 8 + 1 sin8 cos8 
c 2( TI) c. 2( TI) C (TI) (1f) 01 cos 8+2' + 02 SIn 8+2' + 21 sin 8+2' cos 8+2' 
( 4. 4) 
(4.5) 
The assumed stress-strain diagram in the maximum principal direction is 
shown in Fig. 4.6. 
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Over a relati vely large gage length (of the order of the element 
si ze), the average strai ns in the concr ete and steel are ass umed to be 
equal. Assuming that the principal stress and strain directions for 
concrete coincide, principal strains for the cracked concrete can be 
determined from the panel strains as follows: 
C 
E 
C 
P 2 p. 2 P Et cos e + E£ SIn e + Y£t sine cose 
P . 2( iT) + E SIn e +- + £ 2 
The following assumptions are made: 
(a) Panel fails following yielding of reinforcement in 
one/two direction/sj steel behavior is taken as 
elastic-perfectly plastic. 
(b) For isotropic or nearly isotropic reinforcement 
tension stiffening effect is completely lost at the 
ini tia~ l8:1 of yielding in the unyielded direction. 
At tr,is s:.age: 
C 
Go. 
l. 
anc E 
o 
(c) When t-:::-:s~le stresses across the microcracks become 
zero, ::1? PJisson's effect is assumed lost. Concrete 
stress-s:;ain relationship in the direction parallel 
to the ~~crocracks is then taken as: 
c 
a 
c 
( 4. 6) 
(4.7) 
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in which Ec is the secant modulus of elastici ty for 
concrete which remains very close to its initial 
value. 
As mentioned above, at the onset of yielding in the unyielded steel, 
c 
at = o. Us i ng Eq s. 4.', 4. 2, and 4. 4 : 
C 
l 
P ... - op,) Cfyn Pn - 02P) 
L., cotanS + '" '" tans 2 2 C 4. 8) 
in which fyt and fyQ, are the yield stresses of steel in the transverse 
and longitudinal directions, respectively. Subs ti tuti ng for 1 C in 
Eq. 4.5: 
c 
a 
c 
(op - f p) + (a P - f Pn ) 
, yt t 2 yQ, '" 
From Eq. 4.7 and assumption (c): 
(f t P - oP) + (f Pn - aP) E~ tanS + E~ cotanS + y t E' yQ. '" 2 
v '" sinS cosS 
c 
Substituting for P YQ.t in Eq. 4.6: 
E P 
2 
+ EP . 2 P . 2 EP 2 E cos S Sln S + E t Sln S + cos S 0 t Q, Q, 
f Pt 
- oP f yQ, P - oP yt , .Q., 2 
+ + E E 
c c 
(4.9) 
(4.10) 
(4.") 
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which reduces to 
(4.12) 
A conservati ve upper bound limi t for EO under different states of stress 
can be concluded from Eq. 4.12. For example, for pure shear loading of 
experimental panels that are discussed in Chapter 6, an upper bound for 
EO is determined as follows: 
aP 1 a
P 
2 0 
Therefore, 
EP D 
f yt Pt fy£ P£ 
E + ~. + + 
0 t c..£ E E 
c c 
For isotropic reinforcement CPt = P£ = P and f yt = fy£ 
and longitudinal steel yield simultaneously. Hence, 
E 
Y 
E 
Y 
f 
.-X 
E 
s 
(4.13) 
(4.14) 
f ), transverse y 
(4.15) 
where Es is the modulus of elasticity for steel. Therefore, 
2 ~ (1 + 2-) 
Iy E E 
s c 
(4.16) 
For anisotropic reinforcement (p t < P£ and f yt ~ fy9..,) , it can be seen 
that at failure Er » Eyt while Ei ~ Ey£. A conservative value for EO is 
then determined as: 
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(4.17) 
4.3 Rotation of the Principal Stress and Strain Directions in Cracked 
Concrete 
Upon cracking the isotropic consti tuti ve relationship for concrete 
becomes orthotropi c wi th the axes of orthotropy oriented in the 
pricnicpal material directions. Under external proportional loading if 
the internal resisting forces remain proportional, the principal stress 
and strain axes continue to coincide with the axes of locked-in 
orthotropic symmetry (axes oriented in the crack direction and normal to 
it). Therefore, no shear strains are generated along the microcracks. 
In skew, anisotropically reinforced elements (elements with 
different amounts of ste-el in two orthogronal directions) the internal 
forces do not, however, remain proportional upon cracking. Also in skew, 
isotropcia:'ly reinforced elements with different yeild stresses of the 
steel ir. :wo directions the proportionality of internal forces is lost 
after Yle':::r:g in one direction. Therefore, shear forces are generated 
to sat:sfy eGuilibriwn and these forces will consequently shift the 
principe: s:~ess and strain directions of the cracked concrete. 
In o~:e~ :0 demonstrate the mechanism of rotating principal material 
directior:s C'Ci,Slder an element or panel of reinforced concrete with a 
unit cross-sectional area under pure shear (Fig. 4.7). Steel 
reinforcement is assu~ed to be smeared into membrane layers with uniaxial 
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stiffness properties oriented in the directions of the transverse and 
longitudinal steel. The panel is isotropically reinforced (p t = P£ = p) 
with different yield stresses in the transverse and longitudinal 
directions (fyt < f y£). 
Increas ing V will cause the panel to crack wi th the microcracks 
forming at 45° (Fig. 4.8). The intact concrete is assumed to behave 
linearly elastic while a linear post-cracking stress-strain curve in the 
tension direction is assumed for simplcity (Fig. 4.9). The termination 
strain, EO' for the strain softening portion is determined considering 
tension stiffening or the bond effect between concrete and the 
reinforcement (Section 4.2.1); for the current problem E can 
o 
conservatively be taken as twice the yield strain of the transverse 
steel. Under the above conditions the employed multiple cracking model 
becomes equivalent to the crack band model of Bazant and Oh (1983) for 
which the post-cracking constitutive matrix in the principal directions 
( x, y) is as fo llow s (F i g. 4.9): 
[DJ = x,y 
~E 
c 
2 1-v lJ 
Symm. 
VlJE 
c 
2 1-v lJ 
o 
o 
SE 
c 
2(1+v) 
(4.18) 
in which Ec and v are the secant values of Young's modulus and Poisson's 
ratio for intact concrete and S is the shear-retention factor. The above 
constitutive matrix will apply up to a shear load of V' at which the 
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transverse steel starts to yield (f st = f yt )· Assuming an elastic-
perfectly plastic behavior for the reinforcement if the external shear is 
increased sl ightly to V' + /::.V then the internal stresses will change as 
shown in Fig. 4.10. A more simple representation of the incremental 
stresses in equilibrium is shown in Fig. 4.11. From the figure it can be 
seen that: 
S 
cr 
p !::.f' 
s£ 2!::.V (4.19) 
Ther efore, for a small increment, !::.V, in the external load a shear 
stress, S , of magnitude !::.V is generated along the smeared microcrack 
cr 
interfaces while the force in the longitudinal steel increases by 2/::.V. 
The Mohr's circle of stresses for the cracked concrete is shown in 
Fig. 4.12. From this circle it can be seen that: 
2 !::.8 
o 
2 S 
cr 
f' + !::.f' - (f' + !::.f' ) 
tc tc cc cc 
(4.20) 
in whi :::~ ..... ~ :5 the rotation of the principal stress direction from its 
preV10~.:3 ) . ~".e:ltation (Fig. 4.9). Similarly, from the Mohr's circle 
of 
detei":":':.:'-
o = f' • 1 tc 
the rotation of the principal strain axes is 
y 
cr 
~ ( , E ' 
~ tc cc !::.E' ) cc 
( 4. 21 ) 
.,. : ... ~ :.nduced shear' strain upon load increment of !::.V. Let: 
• r' 
~. tc' Ci = f' + /::'f' E = E' + AE t' c' E 2 cc cc' 1 tc /..j 2 E ' +!::.E ' cc cc 
Therefore, 
!::.8 
o 
!::.8 
E 
2 S cr ( E 1 - E 2 ) 
Y cr (0 1 -02 ) 
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( 4. 22) 
Employing [D' J, or the consti tuti ve matrix determined at the onset of 
yielding, the total stress-strain relation for the cracked concrete 
becomes: 
~'E 
c 
v~'E 
c 
2 2 
[D'J(d; [::r}= 1-v ~' 1-v ~' E { o} c 2 1-v ~' 
Symm. 
from which, 
E 
c [ ( f.I ' -v~ , ) E - (1 -v~ , ) E ] 0 1 - °2 . 2 , 1 2 I-v f.I 
Substituting for (01 02) and S in Eq. 4.22: 
cr 
!::.8 
° !::.8 
E 
0 
t:} 0 (4.23) SE 
c 
2 ( 1 +v) 
SE 
S C Y (4.24) 
cr 2( 1 +v ) cr 
(4.25) 
which indicates that the rotations of the principal stress and strain 
axes are, in general, different. In a special case when the cracking 
load is equal to the yield load (~' = 1) Eq. 4.25 reduces to: 
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~e 
a 
~e 8 (4.26) 
E 
The above simplified condi tions were considered in order to arri ve 
at simple expressions for the rotatIon of the principal stress and strain 
directions. If the panel were to be analyzed up to failure, in 
subsequent steps the updated constituti ve matrix would invol ve coupling 
terms between direct and shear stiffnesses. This coupling effect would 
then be another factor for the principal stress and strain directions to 
cease to coincide in later stages (Bazant ~ 1983). 
4rJ 
CHAPTER 5 
FINITE ELEMENT MODELING 
5.1 Introduction 
A special finite element program, NLRC, has been developed to carry 
out numerical analyses of several experimental specimens to be discussed 
in the following chapter. This program is an extension of a previously 
developed program, ROOF, for analyzing multilayer built-up roofing 
systems (Barzegar and Haber, 1984). Explanation of the numerical 
procedures incorporated in the program is given in this chapter. 
Selection of appropriate elements to simulate concrete and 
reinforcement ':'5 first discussed. Description of a new layering 
technique to s~~~:~te composite behavior of reinforced concrete sections 
then follo',ol5. ::- ~ naIl y , d iff ere n t com put at ion a 1 s c hem e san d sol uti 0 n 
strategies :: :::-)-..-:; out nonlinear analysis are explained. 
Due • >-:~.city and economy a 4-node plane-stress-rectangular 
element ~~_>~E'::ted to simulate concrete layers subjected to 
inplane :1.: . =:3:~ node of this element contains two inplane 
displacer::e".· >~,,~<"-:~-freedom (DOF), u and v (Fig. 5.1). In order to 
calculate :"'." ~'. # ~;:ess of this element exactly a full 2x2 Gauss 
integration ~~:f' s!"'.8J':'d be employed. However, using a full integration 
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rule in cases containing a strain gradient across the element width, in 
other words, flexural-like applications leads to an excessi vely stiff 
response because the element develops significant shear strains even as a 
mechanism to sustain pure flexure. The performance of the element under 
such loadings can greatly be improved by using a reduced integration rule 
which requires only a single Gauss point located at the center of the 
element. Nevertheless, a byproduct of the reduced integration technique 
is the possibility of encountering zero energy modes (Bicanic and Hinton, 
1979) . If this shortcoming can be overcome through some stabil i zing 
factors, the reduced integration technique renders a Simpler and more 
economical element which is vital in a nonlinear analysis. In the 
COrTit)uter program both the full and the reduced integration options are 
provided for this element. 
For out-of-plane loading si tuation concrete layers are Simulated 
using overlapped PSR and .. 4-node Mindlin plate elements (Hughes, Taylor 
and Kanoknukulchai, 1977). As shoHn in Fig. 5.2 each corner node, 
located at the midsurface of the element, contains five DOF. The w 
di sDlacement and the two independent rotations, e and 8 , are used to 
. x y 
define the bending and transverse shear stiffnesses according to Mindlin 
t!1eory (19)1). 'l'he lnplane u and v DOF are used to prescribe the 
memb;ane stiffness of the element. 
In Mindlin theory normals to the midsurface are required to remain 
straight and inextensible but, in contrast to the Kirchhoff theory, they 
are not required to remain normal to the mi.d.surface after deformation 
(Fig. 5.3). The slopes at the midsurface are defined by the derivatives 
42 
of the transverse displacement, and w, . y The distribution of w (x,y) 
is obtained by interpolation of nodal values of w. The nodal 8 and 8 
x y 
DOF are used to interpolate the rotations of the midsurface normals. 
These rotations are used to determine the variation of the horizontal 
displacements through the thickness. The transverse shear strains, Y 
xz 
and Y ,are defined by the differences between the midsurface slopes and yz 
the rotations (Fig. 5.3). 
Under lateral loading of a layered reinforced concrete element the 
membrane stiffness of each concrete layer, eccentrically located with 
respect to the neutral axis, is activated. Therefore, a coupl ing 
phenomenon exists between the inplane extension of such layers and the 
transverse bending of the element. Consideration of membrane stiffnesses 
for these layers under lateral loads is therefore, necessary to simulate 
the foregoing coupling effect. For each layer, however, small deflection 
theory is assumed and hence, the membrane and the bending modes within 
the individua: layers are uncoupled. Moreover, in the material model 
(Chapter 2) i ~ is assumed that the transverse shear stresses do not 
affect t~e l:".~lane biaxial behavior of concrete. In the program the 
membrane, ~e~~ing and shear portions of the element stiffness matrix are, 
therefore, c3:cu:a:ed independently and then assembled. 
While ~:ndlin plate elements perform well for moderately thick 
plates, shea; locki ng problems are commonly encountered in thin layer 
applications. This problem is caused by the overestimation of the 
transverse shear stiffness relative to the bending stiffness. This 
deficiency in a 4-node element can be overcome by employing ei ther 
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selecti ve reduced integration (Hughes, Taylor and Kanoknukulchai, 1977) 
or uniform reduced integration (Hughes, Cohen and Haroun, 1978). In a 
1 selecti ve reduced integration technique full 2x2 Gauss rule is used to 
evaluate the bending portion of the element stiffness, while a one-point 
1 reduced integration scheme is employed for the transverse shear 
stiffness. In the uniform integration method only a single Gauss pOint 
is used to calculate both the bending and the shear stiffnesses. 
I Nevertheless, under-integration results in a "rank deficient" element 
stiffness matrix and therefore, zero energy modes can develop. Fo!" the 
I 4-node Mindlin element there are two zero energy modes, in excess of the 
I 
three ri gid body modes, associ ated wi th reduced selecti ve integration, 
whil e uni form reduced integration resul ts in four zero energy modes 
J (Hughes, et al., 1978). In practical structural applications many of 
these spurious modes are avoided by means of the boundary condition 
! specificatio:1. Hhile employing the 4-node element in nonlinear analysis 
] if the p:ob:ems associated wi th the reduced integration can be resolved then conside:a2le computational time can be saved. Especially employing 
the unifo:~ :~~~2ed rule is highly desirable because only a single Gauss 
point is ;;'2-::::-=-2 :0: element stiffness calculation and the stresses are 
i 
J ell re20\'ere: c,- the same pOint. It should also be mentioned that in 
recent years 2 !'l~~ber of stabilization procedures for correcting the rank 
J deficiency "I' :'!"1e one-point-integrated element have been suggested by 
J Belytschko ar.::: Tsay (1983) and by Park and Flaggs (1985). 
In NLRC both of the foregoing integration options have been provided 
j and the element membrane stiffness calculation has been carried out 
J 
-f 
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using the same integration rule as the one employed for the bending 
portion. 
5.3 Simulation of Steel Reinforcement r 
As discussed in Section 2.5 steel reinforcing bars are smeared into L 
equivalent membrane layers with uniaxial properties oriented in the 
direction of reinforcement. At each level of reinforcement the cross-
sectional area of the employed membrane layer is equal to the total 
cross-sectional area of the reinforcement. PSR elements are used to 
simulate such membrane layers and full 2x2 as well as one-point 
integ~ation options are provided for the element stiffness calculation. I 
5.4 Layeri~g Approach r 
New application of a layering concept (Mawenya and Davies, 1974) to l 
simulate reinforced concrete cross-sections is introduced in this study. 
As shcn·J:1 in Fig. 5.4 the cross-section is di vided into concrete and steel l 
layers. Multiple layers of Mindlin elements with five degrees-of-
freedorr. (DOF) at each node and PSR el emen ts wi th two DOF simul ate the 
concrete and the steel layers, respecti vely. In a stack of elements 
corner nodes share the same (x,y) coordinates. The transverse 
displacement, w, is assumed to be the same for all layers. To prevent l 
relative motion between the layers, the horizontal displacement of the 
layers along their common interface must be the same. This requirement 
( 
can be satisfied by introducing the two constraint equations at each node 
stack (Fig. 5.4). If all four nodes are forced to satisfy these 
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equations, then compatibility is maintained over the entire interface 
between two adjacent layers in an element stack. Notice that the second 
I set of equations in Fig. 5.4 imply a perfect bond between the steel and 
the concrete layers. 
1 The program is provided with automatic constraint generation 
capabili ties. The constraints are used to eliminate global stiffness 
equations using the nodal displacements in the top layer as master DOFo. 
J 
At each node stack and starting from the top layer the DOF are 
incremented in the through-thickness direction. This order of numbering 
I substantially reduces the size and bandwidth of the structural stiffness 
matrix, leading to significant reduction in computational time required 
I for the solution of equilibrium equations. The user may also specify 
I nodal cons trai nts at any 1 evel of any node stack to model support or 
symmetry boundary condi tions for the struct ure. u sin g t he co n s tr a i n t 
1 equations (Fig. 5.4) it can be seen that except for the top layer, the u 
and v displacement DOF for the other layers are condensed out during the ] stiffness assembly process. Therefore, at each node stack introducing a 
new concrete layer will add two rotational DOF, e and e , to that node 
x y 
stack, while an extra steel layer will not add any new DOF. For the 
1 illustrated cross section in Fig. 5.4 it can therefore, be concluded that 
at each node stack there are nine DOF, fi ve for the top concrete layer 
and two for each of the lower concrete layers. 
The provided flexibility in the thickness direction makes the 
employed layering technique more versatile than the customarily used 
technique such as that by Hand, Pecknold and Schnobrich (1972) for the 
following reasons: 
J 
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1. Improved predictions of the through-thickness normal strains can 
be obtained. This becomes more important in cases where the 
assumption of "normals to the neutral axis remain straight and 
normal after deformation" is no longer valid. 
2. Transverse shear strains are approximated better. At any Gauss 
point the transverse shear strains calculated for each concrete 
layer are assumed to be constant through the layer thickness 
according to Mindlin element formulation. Ther efore, any 
nonlinear distribution of these strains through the 
cross-sectional thickness can be approximated by constant 
segments predicted by each layer. 
3. Better estimates of the transverse shear stresses can be 
obtained for any concrete layer. 
4. Flexible cross-sections make crack localization more pronounced 
in flexural applications. 
5. Different Gauss integration rules can be applied to different 
layer stiffness calculation. If zero energy modes can be 
eliminated by full/selective integration of one (or more) 
layer(s) then uniform reduced integration of the remaining 
layers saves considerable computation time. 
6. Propagation of material nonlinear behavior such as cracking in 
the thickness direction can be simulated economically. Because 
element stiffness updates are required, the unaffected layers in 
an element stack can be excluded and hence, updating element as 
well as structural stiffness arrays are accomplished 
efficiently. 
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5.5 Crack Band Width 
The crack band wi dth, w, measured normal to the crack directi on 
(Fig. 3.3), is required to compute the termination strain, E , of the 
o 
strain-softening branch (Fig. 3.6). The following determination of w is 
based on the fact that 4-node PSR and Mindlin plate elements are used to 
simulate concrete layers. For these elements ei ther a full 2x2 Gauss 
integration scheme or a one-point rule is used to calculate membrane and 
(or) bending stiffnesses. In general, due to the assumption of bilinear 
displacement and rotation fields in the element formulation, precise 
predictions of strain gradients over the area of these elements are not 
possi bl e. Therefore, even when 2x2 integration rule is employed it is 
reasonable to assume that these elements either crack at all Gauss points 
or do not crack at all. Using 4-node isoparametri c elements wi th 2x2 
integration rule Leibengood, Darwin and Dodds (1984) verified that upon 
crack initia~lon the four Gauss pOints crack almost simultaneously. They 
further cbSE:-,ved that cracking in one element relieves stresses in 
adjacer.t Ele~e;,:s but not those within the element. Therefore, it can be 
assumed t~,3: ~pO:l cracking the crack front is at least one element wide 
regar dl es s the employed i ntegrat i on rul e. From Fig. 5.5 the crack 
band widt.:-: :~ ct:tained as follows: 
(I) c:-,a2~S par'allel to mesh lines (Fig. 5.5a) 
w == AX or w BY (5. 1 ) 
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(II) cracks inclined with respect to mesh lines (Fig. 5.5b) 
BY if > sina w cosa 
cosa 
(5.2) 
AX if sina > casa w 
sina 
The above relationships are also consistent with those used by Bazant and 
Oh (1983) and by Lei bengood, et ale (1 984) . In the program the angle a 
is determined from the principal material directions at impending 
cracking. 
5.6 Computational Schemes 
5.6.1 Solution of Nonlinear Equations 
Employing finite element method to determine the structural response 
under applied loads the following system of equations should be solved: 
[K]{d} { F} 
where [K] is the structural stiffness matriX, {F} is the applied nodal 
force vector and {d} is the required nodal displacement vector. 
Considering the nonlinear material behavior, [K] becomes a function of 
the appl ied forces and hence, an i terati ve method should be employed to 
reach the solution of the system of equations in (5.3). In this study 
since a secant nonlinear elastic model is used for concrete, the system 
of equations in (5.3) is set up so that the nodal force vector {F} is 
equal to the total load applied to the structure. This implies that a 
secant method of solution rather than the usual tangent technique is 
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employed. This approach whi ch was also employed by at tosen (1 980) is 
illustrated in Fig. 5.6. At any load step iterations are carried out and 
at each iteration [KJ is updated until the constitutive equations for 
concrete and reinforcement are in accordance with the total dPplied 
loads. Due to highly path-dependent response in reinforced concrete 
structures updating of structural stiffness matrix at each iteration 
should be carried out if reliable load displacement curves are to be 
obtai ned (ASCE, , 982) . 
For economic solution of the system of equations in (5.3) an 
efficient algorithm, COLSOL, is selected (Bathe. 1975). This algorithm 
takes advantage of the banded nature of the structural stiffness matrix 
and does not operate on the zero off-diagonal terms in [KJ. 
5.6.2 Cc~ve~gence of Stress-Strain Relationship for Concrete 
S~l:..:::;-. of the system of equations in (5.3) results in nodal 
displa2er-e;-:5 and hence, concrete strains. The convergence procedure in 
the ;: ... p- .... :. ;~a:'e region for a Gauss point under uniaxial stress is 
i 11 U~ :..... :. ~ ~:g. 5.7. E, is the employed Young's modulus which leads 
to C <,'- (1 . Using the cal culated stress 0, = E, E 1 and the 
... :- ~e 1 for concrete (Chapter 2) a new modul us, E1' , is 
de:e .... ~ .' . :. r.e difference between the new Young's modulus, E1' , and 
~_ . ..:s, E" is less than a certain tolerance (up to 5%) 
ther. .' e _:::ed that the stress-strain' law at the point has 
conve~ gf :: . _:::e~wise a modified modulus, E2 , to be used in the next 
iteration :5 calculated as follows: 
Minimum 
+ E' 
1 
2 and 
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E1 * (1 - TOlerance») (5.4) 
Notice that in Fig. 5.7 the illustrated path to convergence applies to a 
concrete Gauss pOint, representing the behavior of a small region within 
a reinforced concrete structure. Under constant external loads reducing 
the stiffness of such a point results in increase in strains and 
reduction in stresses of the softened region. 
Similar approach is taken when the utilized Poisson's ratio is less 
than its updated value by an assigned tolerance (up to 5%). In the 
current iteration if the used Poisson's rat~o is \)1 and the updated 
value is \>" then a modified value, \)2' to be used in the next iteration, 
is taken as: 
\>1 (1 + Tolerance) (5.5) 
In the program for correct detection of limit pOint on the stress-strain 
curve the to:e;ance applied to the point is decreased internally. 
Moreover, spec~a: care is taken to determine and eliminate overshootings. 
In the ~os~-c;ushing strain softening zone the same modifications of 
Young's modu:u5 cnj Poisson's ratio are also made. As shown in Fig. 5.8 
if the utill:::e~ '!oung's modulus E1 and the updated value E,' differ by 
more than a ce::ai:. tolerance (2-5%) then a new modulus is determined as: 
t.1 (1 -'Tolerance) (5.6) 
As explained in Section 2.4.2 corresponding to E2 a new Poisson's ratio, 
v;, is determined such that the current secant bulk modulus is equal to 
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its stored value at ultimate. The value of Poisson's ratio to be used 
with E2 in the next iteration is then taken as: 
(5.7) 
5.6.3 Convergence Criteria for Crack Interface Behavior 
For a cracked Gauss point the recovered total strain vector {E} 
x,y 
and the constitutive matrix developed in Chapter 3 (Eq. 3.19) result in 
the total stress vector {a} 
x,y Using each crack's stress 
transformation matrix the interface stresses, cr o and 
nn 
can be 
obtained for each indi vidual crack (Eq. 3.9). The employed i terati ve 
procedu:"e to reach convergence for the cross-crack stress-strain 
relationship is illustrated in Fig. 5.9 which applies to cracks 
associat-ed with material strain softening as well as tension stiffening 
behavior. E, is the utilized secant stiffness which results in the 
com~utej st:"ain of E, across the crack. Here an energy criterion is used 
to ac!".:eve convergence. In Fig. 5.9 the total area, A, under the 
stress-s:'r2.::i diagram equals the amount of energy per unit volume of the 
crac'~:E-C 2'::iCrete to be dissipated by the crack. Using E1 its 
cor;e~~<::';,::~;;E secant ~tiffness E2 is calculated from the stress-strain 
curVE: a;;~ the subarea under the curve enclosed between E, and E2 is 
desigr.a:e: 2.5 "". Employing tolerance values in the range of 2-5% if: 
A, ~ Tolerance * A (5.8) 
then it is assumed that convergence is reached for the current crack. If 
Eq. (5.8) is not satisfied the updated secant stiffness, E2 , is used for 
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the crack during the next iteration. The procedure is continued until 
the enclosed area between the utilized and the updated secant stiffnesses 
satisfies Eq. (5.8). 
The above convergence procedure should be used cautiously at early 
stages of crack opening. As shown in Fig. 5.'0 a very large secant 
stiffness, E" corresponding to 99% of the crack initiation stress, is 
taken at the onset of cracking. Using this stiffness for the next 
iteration the calculated subarea A" enclos~d between E, and E2 , may well 
satisfy the requirement in Eq. (5.8) while a large overshoot has 
remained. In the program each time the convergence condi ti on gi ven by 
Eq. (5.8) is satisfied an additional check for detecting overshooting is 
also made. I~ overshooting has occurred then convergence is rejected and 
a new stiffness. -' !:-2 ' is determined such that the subarea A2 , enclosed 
between E, anG ::~ .• is equal to: Tolerance * A. The gradual reduction of 
the crack s::~~~~ss is continued until the overshooting is corrected. 
In 0::>2 .... 
stiffness 
stiffness 
ret ai ned ~:r 
to satisfy ~~. 
7:';:;id numerical problems associated with assigning zero 
= =~;:;: etely open cr ack (scr ~ E) a very small secant 
nn 0 
, /3000 of the initial concrete modulus) has been 
r ~~st-Yield Stress-Strain Relationship for Steel 
5.11 a secant i terati ve approach is also employed 
, • ~.' 5~ - s trai n relationshi p at a Gauss poi nt of a steel 
1 ayer . Tole:a~,=·es of 2-5% are used to compare the utilized secant 
stiffness and the updated stiffness. From Fig. 5.'1 the employed 
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I 
stiffness E, results in calculated strain of E,' which in turn determines 
J a new secant stiffness E2 (Eq. 2. '2). If the difference between E, and 
J E2 is less than the assigned tolerance, convergence is assumed. 
Otherwi se the new modul us E2 is employed to regenerate the element 
stiffness matrix in the subsequent iteration. Iter ations are continued 
until the convergence is reached. 
I 5.7 Summary of Employed Procedures for Nonlinear Analysis 
I In order to achieve convergence at a typical load level the essential steps taken in program NLRC are as follows: 
1 1. Solve the system of equations using the structural stiffness 
matrix, determined at the last converged iteration of the 
J previous load level, and the current total loads to compute the 
I 
nodal displacement. 
For each element stack i and starting from the top layer do the following 
] for each layer k: 
2. Convert nodal displacements to Gauss point strains at the top 
\ and bottom interfaces of the layer. 
--' 
j Do the following for each Gauss point j of layer k located in element 
s tac k i: 
] 3. Take the average of the top and the bottom interface strains and 
determine the principal strains at the midsurface. If these 
strains are less than their previous. values, unloading is 
assumed and the constituti ve matrix is not altered. The point 
is assumed to have converged. 
J 
1- ..• 
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4. If the current strains are larger than their previous values 
then calculate new material parameters and compare them with the 
utilized values to check convergence. If the cons ti tuti ve r 
matrix is to be updated at the paint, set three flags to 
indicate that element and structural stiffness matrices should 
be updated and more iterations should also be carried out. If 
f 
not, go to 5. i 
5. If more unprocessed Gauss paints of the element, simulating 
layer k of element stack i, exist then repeat steps 3 and 4. If 
not, go to step 6. f"" 
L-
6. If the flag is on for the element then update the element 
stiffness array and subtract the previously stored stiffness 
a:-'ray from it. Assemble the resul ting array in the structural 
stiffness matrix, stored in compacted form for efficiency. This 
has the effect of replacing the old assembled element stiffness 
mat~ix with its new one. 
7 . ::- ::;e:-' e ar e mar e layers in the curr en t el emen t stack i that 
ha ve :;'Jt been considered, re peat steps 2 through 6. If not, go 
to step 8. 
8. T&" r.:.::;e element stacks are to be examined, repeat steps 2 
throJgf; 7. If not, go to step 9. 
9. If tn':: flag is on for carrying out more iterations, repeat steps 
tr.rough 8. If not, conver""'gence is reached and the desired 
results are output. 
! 
r 
l 
f 
I 
l 
I 
f 
L .. 
J 
t 
L 
55 
5.8 Load Steps and Ultimate Loads 
In nonlinear analysis of reinforced concrete structures the employed 
J load increments must be small enough so that unnecessary "numeri cal 
cracks!! are not ini tiated. These spurious cracks can artificially al ter 
the load resisting paths within the structure and result in incorrect 
j mod e s 0 f f ail ur e . Crisfield (1982) has shown that such numerical 
modifications in the loading paths after initiation of cracking can 
mobilize alternative equilibrium states and hence, lead to false 
I dete ction of ul timate capaci ti es. in this study upon initiation of cracking the loading level is increased by steps of 2-5% of the ultimate 
load. 
The failure load is determined at a load level for which large 
j number of iterations are required to satisfy convergence. This means 
that very large strains are developing and that equilibrium cannot be 
reached fo: the applied loads. In this study a maximum of 35 iterations 
is selec:ec as the limiting value. 
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CHAPTER 6 
ANALYSIS OF EXPERIMENTAL SPECIMENS 
6.1 Introduction 
In order to demonstrate the relative importance of different 
nonlinear characteristics of reinforced concrete considered in this study 
seve:"'al exper imental specimens are analyzed in this Chapter. A total of 
6 panels subjected to inplane loadings (Vecchio and Collins, 1982), 5 
slabs U11der uniaxial moment (Cardenas and Sozen, 1968) and a simply-
suppo:"'ted beam under point load (Burns and Siess, 1962) are studied. 
The panel and slab specimens are subjected to uniform stress fields 
and hence, the finite element analysis need to involve a single nonlinear 
element. The several runs needed to study the behavior of these 
specime~s are therefore carried out economically. 
-:-he beam specimen is selected to demonstrate the capability of the 
prese~t model to predict local, isolated crack patterns. Comparison with 
the c~acki.ng pattern obtained by Hand et ale (1972) is made 'to show the 
advantages of the employed cracking model and the layering approach. 
6.2 Panels 
6.2.1 Testing Program 
The selected panels are among 30 specimens tested at the University 
of Toronto by Vecchio and Collins (1982). These panels were loaded by 
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forces applied to 20 steel "shear keys", whi ch were anchored into the 
perimeter edges of the specimens (Fig. 6.1). Each shear key was attached 
to two Tllinks" oriented at 45° with respect to the side of the specimen. 
The links were, in turn, connected to a series of 37 220 KN double-acting 
hydraulic jacks. The remaining three links were rigid so as to stabilize 
the panel wi thi n the test rig. By varying the magni tude and direction 
of the forces in the links, any combination of shear and tension or 
compression could be applied to the test specimen. 
The dimensions of the panels were 890x890 mm wi th the thickness of 
70 mm. They were reinforced with two layers of welded wire mesh with the 
wires running parallel to the edges of the element. The smooth wi re 
meshes typically had a 50 mm grid spacing, were heat-treated and showed a 
ductile response. In addition to different loading conditions, the prime 
variables of the experimental program included percentage of transverse 
reinforcement, percentage of longitudinal reinforcement and concrete 
strength. 
6.2.2 Finite Element Modeling 
Table 6.1 contains a list of the analyzed panels with their loading 
arrangement, while details of steel percentages and material properties 
are gi ven in Table 6.2. The f ini te element simulation of each panel is 
shown in Fig. 6.2 where a single stack of three plane-stress-rectangular 
elements (PSR) are employed to model concrete and the two smeared 
orthogonal steel layers. The stiffness of the two steel layers are 
calculated using a 2x2 Gauss integration rule, while a Single Gauss 
pOint is used for the concrete layer. u sin g t his pro c e d ur e, the 
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possi bil i ty of encountering zero energy modes is eliminated and 
considerable computational time is saved, due to consideration of only 
one point for the concrete layer. For each panel the corresponding 
loading is simulated as nodal loads applied to the concrete element. 
The comparisons of the experimental response and the numeri cal 
resul ts are shown in Figs. 6.3 to 6.26. A summary of the experimental 
and the numerical results at ultimate loads is given in Table 6.3 and 
additional information concerning the behavior of each analyzed panel is 
provided in the following section. 
6.2.3 Discussion of Numerical Results 
The analyzed panels exhibit a wide range of nonlinear behavior and 
therefore, the resul ts are discussed in more detail. Loading of panels 
PV11, PVl 8, PV19 and PV25 wi th a large percentage of reinforcement 
(1.785%) in at least one direction, places a heavy demand on the concrete 
and enables the analyses to examine the adequacy of the employed 
nonlinear constitutive model for concrete. 
Figure 6.3 i:lustrates the applied uniaxial compressive stress in 
the longitudina: jl~ection vs. the resulting compressive strain for panel 
PVl 7. Due to ex:stence of the transverse steel, free expansion of the 
concrete (Poisso~'s effect) in that direction is prevented and therefore, 
the concrete exper i ences a small compressi ve stress in the transverse 
direction as well. In Fig. 6.4 the symbols FD and ED refer to the 
concrete compressi ve stress and strain in the longi tudinal direction of 
the panel, respecti vely. The symbols FC and EC designate the uniaxial 
compressive strength and the corresponding strain for the concrete, 
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res pe cti vely. As can be seen confining the concrete in the transverse 
direction causes the longitudinal compressive stress and strain at 
ultimate to be slightly higher than their corresponding values under pure 
uniaxial condition, i.e., FD > Fe 
ED 
and EC > 1. 
6.2.3.1 Effect of Tension Stiffening and Rotation of Principal Material 
Directions in Concrete 
For 
The computed response for Panel pV16 is shown in Figs. 6.5 and 6.6. 
thi s panel a conservative value for E , related to modeling of 
o 
tension stiffening, is calculated using Eq. (4.16). The results for 
EO = E yt are also plotted for comparison. As can be seen after cracking, 
the tension stiffening effect dominates the nonlinear response having a 
major influence on the stiffness of the panel. For thi span el the 
computed failure is caused by simultaneous yielding of both the 
transverse and the longitudinal steel which is consistent with the 
experimental failure mode. 
Figures 6.7 and 6.8 illustrate the stress-strain curves for panel 
PV11 which again emphasizes the influence of tension stiffening effect 
on the p2nel response. A value of 2.44 E is determined for E using yt 0 
Eq. (4.17). With this value the analytical model predicts the initiation 
of yielding in the transverse steel for the applied shear stress of 
3.52 MPa. A slight anisotropy in panel reinforcement (Table 6.2) causes 
the principal concrete material directions to shift (Section 4.3). These 
shifts were also observed during testing of anisotropically-reinforced 
panels; as new cracks formed in different orientation, the pre-existing 
cracks became less prominent. In the numerical model after the formation 
60 
of the ini tial crack at an integration point, if the maximum principal 
strain in the intact concrete between the microcracks exceeds the value 
recorded for the first set of microcracks, a new direction of cracking is 
initiated. However, to avoid excessive numerical crack initiation, 
especially in elements with highly anisotropic reinforcement, a minimum 
angle of 2° is set between any two crack directions. In panel PV11 the 
anisotropy in reinforcement is not pronounced and hence, no additional 
crack is developed up to the yielding of the longi tudinal reinforcement 
which occurs at 3.61 MPa. At this stage the computed average orientation 
of cracked concrete principal directions is 41 ° which compares favorably. 
wi th the experimental value of 40°. In order to check the final crack 
orientation the loading is increased slightly and iterations are 
cont i nued. No convergence is expected because the steel behavior is 
modeled as elastic-perfectly plastic. The final cracking direction at 
41° is obtairled while the initial crack at 45° closes completely. The 
sequence of cracking for this panel is shown in Fig. 6.9. 
Figures 6.10 and 6.11 illustrate the comparisons between the 
experimental and the computed response for panel pV18. As can be seen 
underestimation of the bond effect (E = E t) for this highly 
o y 
anisotropically reinforced panel (Table 6.2) results in an early flexible 
res ponse upon cracki ng. Such underestimation of the bond effect also 
affects the concrete principal material rotations in later stages of 
loading resulting in stiffer response predictions. The cracking sequence 
in panel PV18 for the two values of E is shown in Fig. 6.12. 
o 
The 
average orientation of the prinCipal concrete material directions is 
plotted against the applied load in Fig. 6.13. From the simulated 
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response for panel pV18 (Figs. 6.10 to 6.13) it can be seen that the 
computed value of E according to Eq. (4.17) not only results in closer 
o 
approximation of the experimental stress-strain curves but it also 
provides a reasonable approximation of the orientation of the principal 
material directions. 
Panel PV19 exhibi ts a behavior similar to that of panel PV18. The 
computed response curves for this panel compare favorably with the 
experimental curves (Figs. 6.14 to 6.17); the sequence of computed 
cracking is illustrated in Fig. 6.18. 
It should be noted that panels PV11, PV18 and PV19 with 1.785% steel 
in the longi :'udinal direction place a heavy demand on the compression 
strut of c:)r":crete. This causes the concrete in the cracking direction to 
show a nO:'"'.::!1ear response resulting in a diminishing value of Young's 
modul us. ~'e' .. e;-theless, the calculated values of E for these panels are 
o 
still or: :~.- safe side; because according to Eq. (4.17), E appears in 
c 
Duo:' ::: "':::a:ion of the material axes panels PV18 and PV19 fail when 
the a:-.~> :.: ..... ".€;-. the compressi ve strut and the longi tudinal steel 
becor.:e~ _ ~. f: :he further straining of the longi tudinal steel is no 
longe;- ,,- !=':g. 4.10). At this stage the principal stress and 
stra::-. M -. :;: cracked concrete also COincide. This impl ies that 
rx:.ernal loading is not accompanied by internal shear 
stres.5'e~ :~le cracked element and hence, equilibri urn cannot be 
maintai:':E< , .. ~. ~. 11). In Table 6.3 the listed average orientation of 
the princl;::'~: :r:a:erial directions at ultimate for these panels are the 
values recorded at impending failure. Upon a slight increase in the 
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computed ultimate loads no conver'gence can be rcached but the final 
cracking directions for the panels are recorded. The orientation of the 
normals to the final cracks in panels PV18 and PV19 at 29.5° and 33° 
(Figs. 6.12 and 6.18) are striking1y close to thl.~ experimental aver3.ge 
orientation of the principal concrete directions recor~ded for~ these 
panels at 30° and 33°, respectively (Table 6.3). 
It should also be mentioned that for the analyzed anisotropically 
reinforced panels the difference between the computed principal strain 
and stress directions remain within 6° throughout the analysis. This is 
in close agreement with the experimental average value of 10° reported by 
Vecchio and Collins (1982). 
6.2.3.2 Effect of Shear Retention Factor 
Panel PVi 9 is subjected to a parametric study to investigate the 
effect of shea~ retention factor 8. Figures 6.19 and 6.20 illustrate the 
computed ;es",::'s L!.3ing 3 different values for S which are held constant 
during t.::~ '<:-~:':.:~ response and a variable 8 suggested by AI-Mahaidi 
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( -\t.to cracking tensile strain ( 6. 1 ) 
to total cracked concrete strain in a direction 
crack direction. Eq. (6.1) g1 ves an i oi tial value 
',f 0.40 for B at the onset of cracking C:: 1 = EtO) and implies a gradual 
r-eduction in cracked concrete's shear stiffness as cracks open. In the 
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cr 
E + E to 
(6.2) 
where E cr refers to the crack strain. In the cracking model the shear 
stiffness along the microcracks, G , is equal to SG/(l-S) where G is the 
c 
shear stiffness of intact concrete. Therefore, G is approximated as: 
c 
G 
c cr 
E + 0.6 E
to 
)G (6. 3) 
cr After determination of the crack strain E in each iteration, the crack 
shear stiffness G is then continuously updated during the analysis. 
c 
From Figs. 6.19 and 6.20 it can be seen that a very small value 
8=0.01 (G == O.OlG), simulating an almost frictionless microcrack 
c 
interface, and the variable S according to Eq. (6.1 ) result in early 
yi el dl r;g of the transverse steel and lead to excessi ve deformations 
along the microcracks. Results for 8=0.20 (G = 0.25G) and for S=0.99 
c 
(G 99G), 
c 
a very high value representing completely interlocked 
microc~a2k interfaces, are very similar, each producing a close 
s.:.:r.~2.a::c~ c~ :he experimental results. 
::-~T, :~.lS investigation it can be concluded that as long as there is 
adeaua:f' S~l-::a; capacity along the microcracks, the variation in 8 has 
ne gl .:. g: :: e e~[ect on the internal stress distri bution and the ul timate 
capac::.y cf the panel. 
6.2.3.3 Panel PV25 
The results for this heavily reinforced panel (1.785% in each 
direction) are shown in Figs. 6.23 to 6.26. Due to such high 
64 
reinforcement percentages none of the steel in either direction yields 
and hence, close examination of the concrete material model up to 
crushing becomes possible. Using Eq. (4.16) a conservative value of E 
o 
for simulating tension stiffening effect is determined. Resul ts wi th 
EO = Eyt are also plotted for comparison. Employi ng EO = 2.33 E yt the 
ul timate load is computed to be 8.23 MPa, while E = E t resul ts in the 
o y 
computed ultimate load of 9.28 MPa which is very close to the 
experimental value of 9.12 MPa (Table 6.3). However, from Fig. 6.25 it 
can be seen that EO Eyt results in a rapid loss of the bond effect and 
hence, the tensile stresses in the concrete diminish to zero 
contradicting ~he experimental response. Therefore, in spite of a closer 
prediction of' the ul timate load using EO = Eyt' or underestimating the 
tension stif~en':"ng effect, leads to incorrect internal stress 
distribution ~::~:n the panel. 
The no:~.~: :::ec compressive stress-strain relationship in the 
cracking di~':<~:.2r-, ':"5 shown in Fig. 6.26. From this figure, it can be 
seen tha :. ~ .. : r ( E yt the concrete compressi ve strut fails under 
FD 
uni axi a1 - - ~ y.o:- :.:. J!: (FC = 1), while EO = 2.33 Eyt predicts a closer 
• r ; 1 ( F D - 0 81) Th d - t d t - f f compressi VO? :"-' ":. -'- ,a ... ure, FC . . e pre lC e s 1 response 
in the C:)r":--" " :::""''::.'ss direction is, however, due to a degradation of 
the conc:'?~· ." ...• _._r and stiffness which are not accounted for in the 
pr es en t r.:; > _ :·.'~;adation observed during the experiment is due to 
the fact :r.d· ~'>,: 20ncrete subjected to high tensile strains in the 
direction n:Jr"":-l:· ::;<? compression is softer and weaker than concrete in 
a standard cy::~ce~ :est (Vecchio and Collins, 1982). Such a discrepancy 
in the predicted response cannot be corrected with models that employ the 
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same failure envelope as the one employed for uncracked concrete. This 
impl ies that consti tuti ve modeling of cracked concrete in such cases 
needs to invol ve a failure criterion which also depends on the tensile 
strains perpendicular to the compression direction. Such a cri terion has 
been suggested by Vecchio and Collins (1986) which is an expression based 
on their experimental results. However, more experimental data are 
needed before such relationships could be confidently applied to other 
cases. 
6.3 Slabs 
In order to evaluate the capability of the numerical model in 
flexural applications and particularly in predicting the response of 
skew, anisotropically reinfor'ced flexural elements 5 rectangular slabs 
t es ted by Car denas and Sozen (1 968) are analyzed. The geometr y of the 
test specimens and the loading arrangement are shown in Fig. 6.27. In 
order to minimize any influence of the support and loading apparatus on 
the b8undary conditions of the test specimens, the uniaxial edge moments 
.... ·ere applied as a set of equal and opposite forces. Details of the 
specimens investigated are given in Table 6.4 and Figs. 6.28 and 6.29. 
The finite element simulation of each slab is shown in Fig. 6.30. 
In order to eliminate the effect of boundary condition specification on 
the computed response a total of 10 elements are employed but only 
element 3 is assumed to undergo nonlinear behavior during the analyses. 
The uniaxial moment is simulated by a set of equal and opposite 
transverse forces applied to the nodes of element 10. The 1 ayer i ng 
scheme is shown in Fig. 6.31 where 8 concrete layers and 2 steel layers 
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are employed. Each layer is assumed to be in a state of plane stress and 
therefore, the 2-D constitutive models are applied to each individual 
layer. The stiffnesses of the concrete Mindlin elements in layer 9 are 
calculated using a selective reduced integration technique (Section 5.2), 
while a single Gauss point is used for all other elements resul ting in 
savings in computational time. The post-cracking behavior of concrete 
layers 1 and 4 (Fig. 6.31) adjacent to reinforcing bars and having equal 
thicknesses is assumed to be controlled by tension stiffening; for these 
layers E is determined using Eq. (4.17). 
o 
For slab B10, in which 
cracking is expected to occur perpendicular to the reinforcement, E is 
o 
taken as EYI according to the discussion given in Section 4.2. Concrete 
layers 5 to 10 are assumed to be unaffected by the bond forces. 
Therefore, the bilinear post-cracking material strain softening behavior 
for these layers is determined according to Fig. 3.6. It should be noted 
that in the preceding analyses the dimensions of the simulated and the 
experimental panels are equal but each simulated slab has s·urface 
dimensior.s equ~: to unity (Fig. 6.30). This is done to verify that the 
global post-c;a:-:king response is independent of the selected element 
size. 
The ;:);eC~ :-::ed response for these specimens are shown in Figs. 6.32 
to 6.36 and the ;esul ts are summarized in Table 6.5. At ul timate moments 
both steel laye;s are in plastic zone for the analyzed slabs except for 
specimen S10 in which only the longitudinal steel yields. From the 
computed resul ts it can be concluded that the mul tiple cracking model is 
satisfactory in simulating the behavior of these specimens. The 
orientation of the computed yield line is based on determination of a 
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direction of least resistance or direction of. last potential crack in the 
top layer, i.e., layer 1. As mentioned before, after ini tial cracking 
the direction of subsequent cracks are determined by the orientation of 
the maximum principal direction in the assumed isotropic intact concrete 
between the microcracks. The computed angle e in Table 6.5 is 
u 
therefore, the direction of the last potential crack, or the yield line, 
which can form in the top concrete layer provided that both steel layers 
undergo considerable straining upon yielding. 
6.4 Cracking Pattern 
One of the main criticisms often made about the smeared crack 
approach is that it has a tendency to spread the cracks over a wide area 
of the struc:~e and hence, is incapable of predicting localized cracking 
pat terns. A number of st udi es by Lei bengood et ale (1 984) and by Rots, 
et ale (1985) have shown that such criticism is not necessarily valid. 
Using 4-node and 8-node plane stress isoparametric elements they examined 
a number cf s;>,?cimens including notched beams. They concluded that the 
smeared C;-02,.: :'oncept can lead to realistic predictions of local concrete 
fracture p:-o':.:ec that concrete strain softening after cracking and crack 
closure a;-e pr:::perly incorporated in the model. 
In the ~:-ese~t study the employed cracking model in conjunction with 
the specia: :'2yering technique make it possible to obtain localized 
cracking i!"1 out-of-plane loading cases as well. In the following 
numerical example it is shown that the employed numerical procedure 
resul ts in simUlation of a few discretized cracks, rather than a large 
cracked region, in a simply supported beam under center loading. 
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6. 4. 1 Be am J -4 
A si mply supported experimental beam tested by Burns and Siess 
(1962) is selected for investigation. Using a smeared crack model Hand 
et ale (1972) have also analyzed this beam and therefore, the results can 
be compared. The beam with its physical properties is shown in 
Fig. 6.37. The plan view of the finite element mesh with the layering of 
cross-section and the employed properties are given in Fig. 6.38. As can 
be seen the analytical model takes advantage of symmetry and considers 
one-half of the beam. In order to eliminate the possibility of 
encountering zero energy modes and at the same time increase the 
computational efficiency, stiffnesses of the elements of the top concrete 
layer are calculated using a selective reduced integration technique 
(Section 5.2) while a single Gauss point is employed for the other 
layer's. Throughout the analysis the top concrete layer remains under 
compression and hence, checking and updating of the constitutive matrix 
at 4 Gauss pOints of each element in this layer is achieved economically 
since no cracking is to be checked. Moreover, the stiffness of the top 
layer does not change dramatically during the analysis which assures that 
components of spurious energy modes cannot enter the analysis due to 
sudden loss of stiffness in such a stabilizing layer. The two concrete 
layers adjacent to the reinforcement are assumed to be affected by 
tension stiffening and therefore, the value of E for modeling the post-
o 
cracking behavior of these layers is taken to be equal to the yield 
strain of the reinforcement. The post-cracking behavior of the upper 
concrete layers are assumed to be controlled by the material strain 
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softening characteristics independent of the bond effects. For these 
layers the fracture energy value Gf is taken as O.4f~ Ibs/in . 
Figure 6.39 illustrates the load-deflection curves for this beam. 
Yielding of the reinforcement is computed to ini tiate at a half load of 
p 
2" = 1 7 . 5 kips. The ul timate hal f load of 18.45 ki ps is det ermined when 
the center deflection reaches 0.44 in. Upon further increase in the 
( 
J loading the iterations do not converge and hence, the load-deflection 
[ curve is assumed to have reached a plateau as shown in Fig. 6.39. The 
analytical cracking pattern at equilibrium for the final load is shown in 
f Fig. 6.40. In the numerical model upon crack initiation the transverse 
shear stiffness G, similar to inplane shear stiffness, is reduced to SG 
I simulating softening due to an assumed through-thickness cracking in each 
I layer. For concrete layers adj acent to reinfor cement thi s provi des 
softening of the bond effects and hence, the strains in upper concrete 
J layers are not greatly influenced by the stiff reinforcing layer. The 
cracking pa.ttern at ultimate obtained by Hand et al. (1972) is shown in 
1 j Fig. 6.41. In their analytical model the post-cracking behavior was not 
considered and crack closing was ignored. Moreover, their stiff layering 
approach would not allow any significant unloading outside the ini tial 
cracking zone to develop. Therefore, a region of cracking rather than a 
more realistic discretized cracking pattern was obtained. From Fig. 6.42 
it can further be seen that the present cracking model and the layering 
technique allow the steel strains to fluctuate along the reinforcement 
length resul ting in formation of discretized cracks along the beam 
r length. 
I j 
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CHAPTER 7 
SUMMARY AND CONCLUSIONS 
7.1 Summary 
A layered fini te element procedure for analyzing planar reinforced 
concrete elements is presented. Different aspects of nonlinear behavior 
under short-term monotonic loading are considered. Creep, shrinkage, 
geometric nonlinear effects and time dependent history of loading are 
excluded. 
The employed 2-D secant constitutive model for plain concrete in the 
precracking regime is based on Ottosen's 3-D model (1979) which also 
includes the post-crushing response. The model is also provi ded wi th 
unloading and reloading capabilities. 
The biaxia: failure envelope by Kupfer, Hilsdorf and Rusch (1969) is 
slightly modifie:: In the tension-compression zone and employed in 
conj unction wi:.h :.:-.e material model. Under different states of uniaxial 
and biaxial stresses the predictions of the model are compared with the 
experimental data 0: Kupfer et al. (1969) and Nelissen (1972). 
The steel relnforcement is smeared into membrane layers with 
uniaxial properties oriented in the reinforcing direction. An elastic-
plastic secant stress-strain relationship, similar in tension and 
compression, is assumed. Unloading and reloading can also be simulated 
with this model. 
Cracking is modeled in the context of a smeared crack approach. The 
multiple cracking model employed is a modified secant version of a 
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tangential model proposed by de Borst and Nauta (1985). Simulation of 
indi vidual crack closing and reopening and unloading of intact concrete 
between the microcracks are accounted for in this model. At an 
integration point the ini tial crack is assumed to form perpendicular to 
the maximum prinCipal direction in intact concrete when the state of 
stress reaches or violates the failure envelope. Subsequent cracks are 
initiated when the maximum principal strain in the intact concrete 
between the microcracks exceeds its recorded value at the ini tiation of 
the first crack. 
The post-cracking tensile stress-strain relationship for concrete is 
assumed to be determined by either the material strain softening behavior 
or the bond effect between the concrete and the reinforcement. For 
simulating the material strain softening behaVior a bilinear softening 
curve in the tensile stress direction is considered. Termination of the 
cross-crack tensile stress transfer is assumed to occur at a strain E • 
o 
In case of material strain softening behavior E is a function of the 
o 
fracture energy Gf - assumed to be a material property - and the crack 
band width w, which is based on the employed element size and the 
integration scheme. The bond effect or tension stiffening is also taken 
into account by assigning a linear softening branch to the stress-strain 
curve of concrete in the tensile stress direction. In this case a 
conservati ve upper bound value for E is deri ved which takes into account 
o 
the inclination of the cracking direction with respect to an orthogonal 
net of reinforcement. 
A mechanism of rotating prinCipal stress and strain directions for 
cracked concrete in anisotropically reinforced elements is explained. It 
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is shown that for such elements the concrete principal stress and strain 
directions in general do not coincide. The dependency of this phenomenon 
to shear retention factor S is indicated. 
A new application of a layering concept (Mawenya and Davies, 1974) 
to simulate reinforced concrete cross sections is introduced in this 
study. Concrete layers are simulated using 4-node plane stress 
rectangular (PSR) and 4-node Mindlin plate elements while steel layers 
are modeled using PSR elements. Different integration options for 
calculating the stiffnesses of these elements are provided in the 
developed finite element program NLRC. 
The nonlinear numerical analysis is carried out using a secant 
method to solve the equilibrium equations. An iterati ve procedure is 
employed and the nonlinearity is introduced through the material 
pro per ti es . At each iteration the material constitutive matrices are 
modified appropriately to reach convergence. 
Numerical examples are presented in which several experimental 
specimens are analyzed. Panel, slab and beam specimens are investigated 
in detail to demonstrate the applicability and flexibility of the 
numerical model in inplane and out-of-plane loading applications. 
7.2 Conclusions 
Based on comparisons between the numerical and the experimental 
resul ts it has been shown that the response of plain concrete under 
general state of biaxial stresses can be closely simulated using the 
employed failure envelope and the nonlinear elastic model. The model is 
simple to calibrate and implement and simulates important material 
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nonlinear characteristics such as dilatation and post-crushing behavior 
wi th good accuracy. 
From the panel tests it has been demonstrated that upon cracking the 
tension stiffening effect plays a major role in stiffness predictions of 
reinforced concrete elements subjected to inplane loadings. The 
simulation of this effect by assigning a softening branch to the stress-
strain curve of the concrete in the maximum principal stress direction 
produces sati sfactory resul ts. The deri ved upper bound strain, E , for 
o 
terminating the cross-crack tensile stress transfer results in close 
approximation of deformation paths and ultimate capacities for the 
analyzed panels. 
When the concrete tensile stress-strain relationship is employed to 
model the bond effect, the selected value for E should depend on the 
o 
strai ns in the rei nfor cement. When cracks form perpendicular to 
rei n for c i n g ba r s , E can be taken equal to the yi el d s trai n of the 
o 
reinforcement. If cracks are expected to be inclined with respect to an 
orthogonal net of reinforcement, then Eq. (4.17) can be employed to 
calcula~e 2 sa:e upper bound value for E. 
o 
In general, under incl ined 
cracking ,r t~e element fails by yielding of steel in at least one 
direc~:c:-. a sl!11ple and more conservative upper bound for E can 
o 
be 
deduced :ro:;, EG. (4.17). In such cases the element strain in the yielded 
direction Ca!'i be many times the yield strain of the steel, E , while in y 
the other c:rection the element strain might not reach the yield strain. 
Consequently E may conservatively be taken as 2E . 
o Y 
Skew, anisotropic reinforcement in 2-D reinforced concrete membrane 
and flexural elements results in the rotation of the principal stress and 
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strain directions in cracked concrete. It has been demonstrated that the 
multiple cracking model simulates the stiffness, failure load and yield 
line orientation in such elements with good accuracy. 
Retaining some shear capacity along the cracks not only models the 
physical phenomenon of aggregate interlock more realistically, but it 
also provides the necessary factor for simulating another aspect of 
behavior which is the rotation of the principal material axes. Upon 
cracking if there are some stabilizing factors such as reinforcement 
crossing the cracks, then the combination of direct forces within the 
reinforcement and the dowel action prevent excessive sliding along those 
cracks. Results for the analyzed panel indi cated that aver y small 
shear retention factor, S, caused early "numer i cal fail ure" along the 
microcracks but when the computation was continued the alternative load 
resisting factors were mobilized and hence, the ultimate capacity was not 
affected. Therefore, it can be concluded that when such stabilizing 
factors exist, in order to simulate adequate shear keys along the 
microcracks any reasonable value for S (0.2 or larger) can be utilized. 
It has been shown that the resul ting deformations in such cases are not 
too sensitive to variations in S within a wide range. 
It should, however, be mentioned that when large deformations along 
the cracks can develop, then a more refined model based on consideration 
of the local effects such as dowel action, bar size, etc. should be 
emplo yed. Such a model requires a more precise determina tion of the 
local crack strains. Consequently, in such cases a discrete crack 
approach is preferable to a smeared crack model. 
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The employed layering approach makes it possible to use simple PSR 
and 4-node Mindlin plate elements with only one point integration rule. 
The layering technique is particularly economical in modeling reinforced 
concrete structures subjected to inplane loadings because ail the 
simulated membrane· layers share the same degrees-of-freedom. In such 
cases if the spurious energy modes can be overcome, e.g., by full 
integration of the steel PSR elements, then not only the concrete PSR 
element behavior improves due to consideration of the center point but 
also considerable computational time is saved. For out-of-plane loading 
applications the layering technique results in a rather expensive 
element, but as demonstrated the through-thickness flexibility in such an 
element makes strain localization more pronounced. The ability to 
simulate :~221ized cracking patterns and avoid spurious numerical cracks 
becomes lrr:;':>2;~ant in analyzing a more complex reinforced concrete 
structLL""E. : ..:;>Orl cracking· in such a structure and wi th subsequent stress 
the formation of spurious cracks may lead to different 
loa d ; e!: . ~ : . ~. € paths wi thin the structure. This can disguise the real 
failLl..""'E: -:;:- ) .... : hence, affect the predicted ultimate capacity of the 
ana: y::-.:: ". ~ ... E • 
7. 3 ~. .. '. ::;s for Further Research 
:r,+ . =-.t:' extensions to the present investigation and the 
anal.Ys~:,: ' .. '~. ~-.,.;es are listed below. 
1. ':,f';.~"'a:.e treatment of the crack interface behavior makes it 
possible to add sophistication to the constitutive matrix of 
each crack. The assumed zero off-diagonal terms in this matrix 
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may be al tered, according to experimental data, to simulate 
crack dilatancy or shear friction behavior. 
2. Analytical modeling of decay in concrete compressi ve strength 
and stiffness due to increasing lateral tensile strains should 
be investigated. Additional experimental data in this area are 
needed. 
3. The influence of tension stiffening on ultimate capacities of 
different reinforced concrete structures should be studied. The 
validity of the derived upper bound limit for s under different 
o 
stress condi tions should be examined. For this purpose plate 
and shell type structures need to be analyzed. 
4. The importance of shear retention factor 8 in cracked 
unreinforced concrete elements should be studied. 
5. The multiple cracking algorithm should be extended to analyze 
anisotropically reinforced elements under cyclic loading. 
6. The employed layering approach may be extended to analyze shear 
sensi t.i ve reinforced concrete structures and particularly those 
subjec:ed to through-thickness temperature gradients. Under 
such cC);):L tions the normals to the midsurface become distorted 
durl~g deformation. The present layering technique which 
provljes adequate through-thickness flexibility may be used in 
s ucr. ca3 es . 
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TABLES 
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TABLE 6.1 Loading Details for Vecchio-Collins Specimens 
Specimen Loading Pattern 
PV17 Uniaxial Compression 
PV11 Pure Shear 
pV16 Pure Shear 
PV18 Pure Shear 
PV19 Pure Shear 
PV25 Shear and Biaxial Compression 
( a t :a a 2. - -0. 6 7 L ) 
TABLE 6.2 Material Properties for Vecchio-Collins Specimens 
Re inforcement Concrete 
Specirne;: ,'t. Pi f yt f y2. f' f' e: c t c 
, ~) C%) (MPa) (MPa) (MPa) (MPa) 
plJ1- -. - t. /"'. 
'-'. -u 0.740 255 255 18 .6 1 .5 .00200 
PV 11 :'"',::., 
.... ""'-' 1.785 235 235 15.6 1.5 .00260 
?'!16 ~ . -. ~O 0.740 255 255 21 .7 1 .0 .00200 
PV13 (' ,,:,:; ....., . - . ~ 1.78." 412 431 19 .5 1.9 .00220 
PV19 0.7 i 3 1 .785 299 458 19.0 1.9 .00215 
PV25 1.785 1.785 466 466 19 .2 2.6 .00180 
E ::: 200,000 MPa ; E ::: 2 f'IE \) ::II 0.20 
s c c c 
Shear retention factor :z 0.25 
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TABLE 6.3 Results for Vecchio-Collins Specimens 
Experimental Computed 
Failure Mode v e Failure Mode V 
u u 
(MPa) ( deg) (MPa) 
Compression 21 .30 Compr es s 10n 21.60 
Yielding 3.56 40 Yielding 3.61 
Yield ing 2.14 45 Yielding 1 .90 
Bond 3.04 30 Shear 3.25 
Shear 3.95 33 Shear 3.79 
Shear 9.12 45 Compression 8.23 
e 
(deg) 
41 
45 
32 
36 
45 
6 - Average orientation of maximum principal stress and strain direc-
tlons for cracked concrete; measured counterclockwise from the 
transverse axis. 
Note: 1 ~Pa • '45 psi 
I 
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TABLE 6.4 Material Properties for Cardenas-Sozen Specimens 
t f' Px Py Ct.£x f c s 
Slab (in) (psi) (%) (%) (deg) (ks i ) 
B10 4.14 4920 0.790 0.862 90 50.0 
B7 4.14 5150 . 0.790 0.862 -45 50.0 
B9 4.23 3820 0.774 0.422 45 50.0 
Bll 4.12 4800 0.794 0.433 -22.5 50.0 
B12 4.12 5170 0.794 0.433 67.5 47.6 
E .0020 E = 2f'/E f' = 5.51r' psi \} = 0.15 c c c c t c 
Gf .00040 
f' k/in E 30,000 ksi Steel strain hardening t s 
parameter = .002 Shear retention factor = 0.25 
M 
u 
e 
u 
TABLE 6.5 Results for Cardenas-Sozen Specimens 
Experimental Computed 
Slab M 8* M 
u u u: 
(in-k/in) (deg) (in-k/in) 
810 6.10 0 6.10 
87 5.85 0 6.20 
B9 4.45 -17 4.55 
811 5.35 1 9 5.40 
81 2 3.82 -10 3.95 
I 
.¥. Ultimate moment 8~ = Yield line orientation 
u 
8 
u 
(deg) 
0 
-2 
-16 
18 
-14 
Orientation of the normal to principal stress direction in top 
cracked concrete layer 
(Posi ti ve angles are measured counterclockwise from the transverse 
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Fig. 6.1 Test Set-Up for Vecchio-Collins Panels 
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